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Abstract

Characters of celestial line of position plotted on chart of Lambert conformal conic
projection, e.g. ICAO WAC one millionth, are investigated. Error of length of the
intercept caused by neglect of change in the magnification along meridian, error of the

position of intercept terminal caused by the difference between straight line intercept

and great circle intercept, and error of the direction of position line due to the con-
vergency of meridians, give final effect of less than second order infinitesimal to the
position of ship or aircraft,and are practically negligible even in high latitude or for
high Speed air navigation, in which cases the ordinafy position line on Mercator chart
gives serious error. '

1. Introduction ‘

When we plot a line of position obtained from the observation of celestial object,
follo\'zving errors are inevitable due to the projection of chart, i.e.

(1). Length of intercept is taken from the latitude graduation shown on the
margin of sheet or along some meridians, and this length cannot be applied to other
portion of the chart sheet owing to the gradual change in the magnification along
meridian. ‘ ) '

(2). Position of the terminal of intercept plotted as straight line does not situate
on the true circle of position, because intercept should be substantially a part of great
circle which connects the assumed (or D.R.) position and the geographical position
of the observed celestial object. _ ‘

(3). Azimuth of position line plotted perpendicular to the straight line intercept
does not represent the true direction of ‘position line due to the convergency of
meridians, and :

{4). Line of position is clearly an approximation of circle of position,

The author treated above errors on Mercator chart (1956) and on stereographic
projection (1957), respectively, and obtained the following vesults:

(i), Mercator projection.

Error of the length of intercept / taken from the latitude graduation on the margin
of chart, applying the points of divider to latitude ¢ and ¢+I, respectively, is

4= ———I;—(l——cos Z)tan ¢ sec ¢,
error of the position of terminal of straight line intercept from that of great circle

intercept is

r o,
Aqa:———z-— sin® Ztan ¢,

.A/I:-*I;_ sin Zcos Ztan ¢ sec ¢,

and error of the azimuth of position line arising from the convergency of meridian is
dZ=Isin Ztan ¢.
(ii). Stereographic projection.
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Similarly as above
4= —_{:—(1——cos Z) cos ¢,
Iz .
4 =—-4—smzzcos o,
Iz . '
42 = sin Zcos Z,

4 Z=_ZI-— sin Zcos.qo.

For the Mercator projection, the final error to the position of ship or airéraft can
be neglected for latitude lower than 70° for general case. For the stereographic
projection, the error of the position is far smaller than that on the Mercator chalt in | -
h1gher latitude, about one tenth at 70° and one hundredth at 85°. v ‘ ‘

Lambert conformal conic projection with two standard parallels, which "is adopted : ]
by ICAO and other aeronautical charts for latitude below 80°, niay' be considered to
be superir to the other two conformal projections mentioned above with respect to the
errors of same kinds for middle-high latitude, i.e. 60°—80°. Moreover, longer in- .
tercept may occur for the high speed navigation by modern aircraft such as jet plane,
even in lower latitude, and the above errors may become somewhat effective on the
Mercator chart. In this case, too, ‘the ‘superiority of the Lambert conformal conic
projection may be expected. ‘ ‘ '

 In -the following sections, the characters of the celestlal position line on the
Lambert confmmal conic projection, mainly on ICAO WAC one millionth, shall be
treated in turn, s0 as to examine the availability of this. pro;ectlon for the astronomlcal
navigation. '

2. Basic Formulae o : ' ' 7 -
(i). Notation. 4 ’ ‘
2, ¢ : longitude and latitude
I, Z . length and azimuth of 1nte1cept

8 latitude of geographical position of celestial ob'jecl:
k magnification of chart

/ constant of cone

r : meridional.part

(ii). Mapping equations of Lambert conformal conie progectlon ‘with two standard
parallels ¢4, ¢, taking the origin at the pole, and assummg the earth to be sphencal N

x=7rcosll) (1)

y= 'rsml/ll' : . .

r=FKe ‘¥ =Ktanl<__§__%> ............... e e we(2) 3

(o;—_—-gdr ............................................................................................. (3)

K =_C0S @1 €08 05 ittt e see s e areren e e e eaeees (4) \
AR PR

]=_logcos g, —logeosg, ... ettt banes (5)
4 Ty—7Ty : s

B=IVSEC @ +rovrvrninirininiiiiiiiinisiiie, v arerereattetierarsrnntosrrane eveens enenenees (6)

(ili). Relation between constant of cone / and latitude ¢.
If we denote the middle latitude of standard parallels by ¢, and the dlstance
between them by 2p, namely

¢0=§<(01+(02), e1=0¢,—D, ¢2=¢0+p...........................T.......'...‘...l.‘. .........

then we have
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log cos ¢, =10g cos (¢, —p)=10g cos %{ 1 +(ptan po—L —2 tan ¢>}

=log cos ¢0+log { 1 +<p tan qao—-i;z— ——‘%i— tan ¢0>}
=log éos vo+ p tan (oo——‘{;i sec? g, +%ﬂ tan ¢, sec? ¢,
and similarly
log cos p,=log cos p,— ptan %*_1222_ sec? %——gi tan ¢, 88C? 00,
then we obtain the expansion formula of the numerator of the constant of cone (5)
log cos gai—log cos p,=2p tan (oﬁ—%pa tan g, sec? ¢, ( 8)
On the other hand, for the denominator of (B) A

=1 -1
ry=gd ¢;=gd (9o—2)

-1 2
=gd "¢, — psec §0o+22— tan ¢, S€C @o— ?0)

and similarly

2'2=gd—1goo—|—p sec g+ P tan @, 5ec (p0+—1;i éec po(sect po+tan? gy)
then we obtain
. T,—7y =2p Sec ¢0+_%_ 8€C po(SeC? go+tan? o) weeree e vereans (9)
Substituting (8) and (9) into (5) we have the constant of cone

tan ¢+ p tan ¢, sec? g,

=

sec (oo{ 144 (secz¢o+tan2¢o)L

2 A
=( sin ¢0+J?r sin ¢, sec? g, ){ 1 —-T (sec? go+tan? (oo}

2

=sin ¢, + b

For WAC 1:1 000 000, p=80"=0.0233 radian, then p*=0.0005, therefore we have
[ =8in @g+0.00009 SIN g «roreersresssersrneninenrtontisiiiiii e (1)
This formula can be hold to sixth decimal even for sheroid.
Formula (10) can be rewritten referring to the standard parallel ¢,

! =sin (¢,+2D) +_%2— sin ¢1

2

=sin ¢,;+p cos ¢, — SIM geerreernennersanrrmnnteriiiins (12)
similarly for ¢.
. .
| =sin g,— pH COS @, — 1’3 SIM @geerervrnirsssrarsnerererieeiiii reerererereniraentsiaees (13)

As we have done in the above treatments, the expansion in series is performed to
the second order in accordance with the necessary and possible accuracy of astronomical
navigation, and the assumption of spherical earth also follows this condition.

3. Length of Intelcept
Since the magnification is adjusted to be equal to unit on each standard parallel

i.e.
-7 -7
. ki=k,=IKe : !sec p,=IKe g ? sec p=1,
We can express
-7 .
[ Ke sec -~ (T-T sec
gl __see (r-71) _s_ec_g_ ............................................. (14)
1Ke sec ¢, 1
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If we put ¢=¢:+e, by analogous procedure to obtain. the equation preceeding
(9) we have

2
T—7,=a SeC ¢1+i2- SeC ¢, tan ¢,

therefore
S TO:I —la sec ¢, —%Iaﬂ sec p, tan (01+%12w2 SeC? @y crrriiiiniinins eeeie(15)
And
sece _  cosgy
secp;  cos(pyta)
Substituting (15) and (16) into (14)

=l+4atan ¢1+aTz(Secz ¢1+tan? (ol) .................. (16)

k=1—lesec ¢, +atan qol—%laz sec ¢, tan ¢1~la*sec g, tan ¢,
+%-a2(sec? ¢,-+tan? ¢1)+}-'12w2 sec? ¢y

Now from (12) we have finally the expansion formula of the magmﬁcatlon referring
to parallel ¢, \

................................................................................. (17)

Analogously we have for parallel ¢, .
k_1+ap+T O PO (18)
For WAC 1:1000 000, these formulae become ' j
, k=1:;:0.02327w+_%2. ............................................................. RIS (19)

|
where sign — refers to ¢, and + to ¢;. Formula (19) may be hold to fifth dec1ma1
for spheroid. In this case # varies from 0.99973 at ¢, to 1.0007 at P +2° 30’ through
1.00034 or 1.00035 at ¢,+2°.

Therefore, the length of intercept taken from the latitude graduation along the
meridian may be applied to any other portion of the same chart Wlthout any actual
effect to the true length.

4. Position of Terminal of Intercept
Suppose, for convenience, that longitude is measured from the merldlan on which
the assumed (or D.R.) position A situates. If we plot the stralght line 1ntercept AF
(I, Z), the rectangular coordinates of F are (Fig. 1)
xp=%pA+ dx=x5—Icos Zl
Yp=ya+ dy=  +Isin Z]
From (1) and (2), we have

—-urT
22+ y2=y2K2 2

then we have the expression of meridional part =

in terms of x and y . ‘ /ZY
) K

[r:lOgK—«Z—lOg (x24+99), 0

whence ‘ Fig. 1
—14dt=D,4%+D, A'H%DMM 4Dy dx Ayﬂ.%DyyAyz .................

where D,, Dy,.---- denote the partial derivatives of % lpg (#*+y%) with 2 and y,
therefore

- % _ cosli Dy—__ ¥ . sinli
: x2+3’2 o T ey T
= —y% __ cos2li Day=— 24y __ sin22
<x2+y2)2 72 ’ (x2+y2)2 TR iR
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D 22—y _ cos2 12
W= <x2+y2)2 ,’»2
Since /4p=0, these quantities become
1 1 1
Da,:'?: D?I=0) D:cx=— #2 ) ny=0’ 72.

Hence we have the difference of v between A and F

Ax | (dx2—dy?) _IcosZ I2(cos? Z—sin? 2)
4 = —
FA 17y 2lrp®- Irp Tlra 2lrp?
by (20). From (3) ¢=gd 7, we have

47

do = AT cos ¢ — singp cos ¢

Then the difference of latitude between A and F is

dtpa? o
Appa=9p—pa= ATFa COS qu—_,g—A—~sm @A COSPA

Iécos Z | I*(cos? Z—sin’Z) ], o I* cos*Z Sif oA CO
- - —_— S
. { Ira 1A VAT Ty STPACOSPA
From (6), (10) and (17) we may consider practically 7=cotg¢, and finally we obtain
AquA=IcosZ——-——I22 sin? Ztan g «oeereeeens TS RTISE e (22)
Again from (1) we have
I/l::tanul-y—
%
whence i
lA/l:DxAx+DyAy+%DmAx2+nyAxAy«l—%DyyAyz ........................ (23)
: -1y .
where D,, Dy, denote the partial derivatives of tan —i— with # and », therefore
p.—__ sinld __cosli
X —*—‘“—’“7 ’ Dy _—f —
Zl/l s 212 sin 214
Since 12,4=0, these quantities become
1 _ 1 ’
Dy—TA_ Dzy__“a“’ D Da‘x_‘Dyy'—'O

“Substituting these into (23) we have finally the expression of the difference of 1ong1tude
between A and F
cos pp 4App=Cc0s ppA(Ap—2a)=Isin Z+I?sin Z cos ZAAN @ orevvesrernieieies 24
On the other hand, intercept is substantially a part of great circle which connects
the assumed (or D. R.) position and the geographical position of celestial object. There-
fore, if we consider the spherical triangle PFA on the earth’s surface, we obtain
AdoFA=1TIcos Z—i;— sin? Ztan ¢
cos ¢ AAFA=Isin Z+I?sin Zcos Ztang
Both of these formulae are completely coincident with (22) and (24), respectively,
leaving no terms of I or I?, which appear in the analogous formulae for Mercator-
and stereographic projections shown in introduction.

5. Direction of Line of Position
The azimuth of the straight line intercept AF at its terminal F is (Fig. 2)
ZF__ZA—i- dZpa=Zp+14Apa
and from (24)
1 4dpa=IIsin Zp sec op+1I?sin Zp cos Zp tan ¢ S€C ¢4
Now ! may be written by (10) as follows
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‘a great circle perpendicular to the pos1t1on line, @ is the altitude of celestial object

- I=sin g,=sin g(¢ —B)=8in gy —B COS @4
where B=¢a—¢,, then we have
AZpp=l4Appa=1Isin Zp tan g
. —BIsin Zay+I%?sin Zy cos Z tan® g
From the sphel‘ieal triangle PAF, we have for
the great circle intercept AF
4 Zﬁ:]sin ZA tan [N

+—Izi~ sin Z cos Z4 (sec? pp+tan®ep)

Hence we obtain
AZFA—' AZ%X:—ﬁIsinZ

__Zz_z_ sin Zcos Z .. Srererrrrirnens (25) Fig. 2

This is the difference of azimuths between straight line intercept and great circle
intercept at their terminals, and error of same quantity may be caused at the lines of
position plotted perpendicular to these two intercepts at their terminals; respectively.

6. Line of Position and Circle of Position :

Position line is a straight line on chart sheet and its dlﬁerence from position circle
has been discussed by various authors for the case of Mercator chart. For example,
Suzuki (1946) assumes that the position line forms a part of a great circle at the very
near part to the terminal of intercept, and gives the distance between the posmon
line and the pos1t1on circle as follows

1

X:.l_tanaDZ_i_s tan3 g Dt ceeerverineiienin ST Cennrearierenns Cereeneresa (26)

where X is the distance from a point on the position line to the position circle along

and D is the distance between the intercept terminal and the intersection with the
other position line, And it is well known that the difference between position line
and position circle can be generally allowed, unless the altitude of the celestial object
is fairly high, namely &>>60°. .

Now in the previous section we have found that the difference between great circle’
and its tangent may be negligible to the second order infinitesimal, therefore, in the
present case, the difference between the position line on the Lambert conformal conic
projection and position circle may be expressed by (26).

7. Final Effect to the Position
If we express the position of ship or aircraft by rectangular coordinates x and
y, error of the length of intercept and that of the direction of the position lme, dI
and dZ, respectively, cause the following error to the posfaon
dx=(dI;sin Z,~dl,sin Z,+ D, sin Z,dZ,— D, sin Z,dZ,) cosec (Z,— Z,),
dy=(—al, cos Z,+dI, cos Z,— D, cos Z,dZ,+ D, cos Z,d.z,) cosec (Zl—Zz),
where D is the same quantity as used i in (26), and suﬁ‘ixes 1 and 2 refer ta two position
lines, respectively.

From these formulae we may adopt a quantity dI+D dZ as an indicator of . .
error of the position. " The error dI is composed of error caused by the change ‘of
magnification and one caused by the displacement of intercept from great circle to
straight line. The former is expressed by (17) or (18) , and the latter may be con-
sidered to be negligible to the second order from the discussion in the section 4.

Since B in (25) can be assumed as an infinitesimal of first order, A_Z: 475 4—
4ZFA in (25) may be a second order infinitesimal. Moreover, D may also be assumed V
as a first order infinitesimal. Hence, the effect to the position due to the eri"or‘ of the -
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direction of position line may be a third order infinitesimal, which- we may neglect in
the present discussion. ‘

Therefore, the final error of the position is equal to or less than third order. Since
magnitudes of all the quantities I, D, b, « and B cannot be considered to exceed
about 120 miles, or 0.035 radian, the order of final error of the position can be
estimated to be 10, or a decimal of mile at most.

8. Conclusion.

We have investigated the character of the position line plotted on the Lambert
conformal conic projection. Final error of the position of ship or aircraft can be
neglected, if we remain terms down to the second order infinitesimal.

Therefore, it may be recommended that the chart of the Lambert conformal conic
projection with two standard parallels, e.g. ICAO WAC one millionth, shall be used
for the astronomical navigation for latitude lower than 80° by aircraft and ship.
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