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Abstract

It is aimed at to investigate changes of structures of globular clusters with time,
and to examine whether they are actually in non-equilibrium states. In Chapter I,
a model process for energy exchange is considered instead of treating the Fokker-
Planck equation, and an approximate equation for distribution of velocity is derived.
The distribution function ¥ of total mechanical energy, H, and angular momentum,
J, of a star is considered to be more reasonable for studying globular clusters rather

than distribution function of velocity itself. An equation for ¥ is derived. It is found .

that the rate of escape of stars from a spherical cluster can be expressed in a similar
form to that of an infinitely extended homogeneous cluster, and it is determined
only by the mean of local rates of escape. On the basis of an assumption that
the initial cluster was restricted in a finite region with a finite mass, the possibility
of structure change and expansion is suggested, and it is seen for the cluster to tend
to equilibrium asymptotically as ¢ & . In Chapter II, timely change of structure of
a model cluster of stars with an equat mass and of uniform rate of energy exchange
is investigated. It is shown in this case that the distribution of stars changes
accompanying envelope formation from its initial one to a truncated isothermal
distribution having a finite mass and radius. The computed result agrees considerablyb
well with observations. The change of radius of a cluster with time is also discussed,
and it is found to increase at early stages of its evolution. It is concluded: (1) large
clusters, e.g., o Cen might be still in non-equilibrium states, and its peculiar distri-
bution could be explained only as in an non-equilibrium state, (2) medium size
clusters like M3 or M15 are close to equﬂibrium but have not completely reached it,
(8) the clusters are generally still in expanding stages. The ages of the clusters are
estimated from the characteristics of density distribution. For M2, M3, M5, M13,
Mis, M22, M92 and o« Cen, the results are 8.1, 6.5, 11, 6.6, 6.2, 8.3, 4.6 and 5.1 in
109 years, respectively. The results are generally fairly coincident with those obtained

from the theory of stellar evolution.

1. Approximate Method of Solution for Velocity Distribution.

1. Introduction. ,
The structure of globular clusters has been studied since Plummer(1911)

and von Zeipel(1918). They assumed the clusters as polytropic spheres in
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which the member stars were considered as molecules. Afterwards Ed-
dington(1915) assumed the cluster as a statinary assembly of stars of which
velocities followed the ellipsoidal distribution law. He derived the internal
dengity distribution of the cluster, but it turned out that the total mass of
the cluster became infinite. Woolley(1954), Woolley and Robertson(1956)
and von Hoerner(1956) pointed out that there should arise this difficulty
so far as the clusters are treated in the analogy of gas sphere, and they put
their investigation on the basis of the theory of relaxation.

The fundamental hypothesis of their investigations is that the clusters
are in equilibrium. However, if in equilibrium, the velocity distribution
of the member stars becomes Maxwellian and thus the internal structure
takes the form of isothermal configuration, and consequently, the whole mass
of the cluster becomes infinite. To avoid this difficulty, it is necessary to
introduce particular assumptions for the velocity distribution, f(u, v, w, 7),
or to introduce cutoffs for the total mechanical energy of a star, H, and its
angular momentum around the center of the cluster, J. The former cutoff
is inevitable in any theory of the structure, but the latter seems to have been
made rather artificially in the equilibrium theory. Thus it is likely that the
structure can he well understood only on the basis of non-equilibrium hy-
pothesis; the both éutoffs can be naturally introduced without any ad hoc
assumption except for the one concerning the initial configuration and the
law of timely change of velocity distribution due to mutual interactions
between the member stars. 4

The purpose of the present pap'er‘ is to study the structure of the globular
clusters to find its timely change, and to conclude that they are still in non-
equilibrium state by comparing with observations, and to obtain their ages.
The basic hypothesis is that a globular cluster was a spherical assembly of
stars of a finite mass and radius when it was formed at ¢t=0, and that the
velocity distribution f changes from its initial one fo as the time goes on,
and consequently the escape of stars to outer space takes place and also some
of the member stars evaporate beyond the initial radius Ro to form the outer
envelope of the cluster. In Chapter I a model process for change of the
distribution function of the member stars in the phase space is given on
the basis of two principles (1) that any initial distribution would tend to
Maxwellian as the result of mutual interactions of stars and (2) that we
shall consider the change of the number of the orbits specified by a set of
(H, J), instead of considering velocity distribution function itself at each
point in the cluster; this treatment being likely to be more reasonable for
the study on escape and evaporation of stars. In Chapter IT a simplified
cluster model is considered, in which the rate of relaxation is assumed to be
uniform throughout the cluster, and timely changes of structure are inves-
tigated and the ages of clusters are estimated. In this model only the central
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parts of a cluster, which might be referred to as core, are considered without
taking the outer envelope of the cluster into account, which is formed by
. evaporation of stars from the core, and consequently the cutoff of the distri-
bution function with respect to J is ignored. However, this simple model
vgives rather good information for the dynamical evolution of clusters.

As stated before, it has already been indicated by various investigators
that to the theory of stellar system hydi’odynamical method- and the analogy
of the gas theory are not available. Kurth has pointed out (1957) that in
the hydrodynamical treatment the mutual interaction between a pair of stars
is neglected, and therefore that such model could be only useful to a study
on the property of a stellar system for a short time interval. . On the other
hand, the analogy of kinematical theory of gas would not be applicablé to
stellar system, as stated by Woolley(1954) ; firstly, length of mean free path
of a star in a system is generally of the same order of magnitude as the
dimension of the system itself, and secondly, time required for the energy
exchange of a star due to mutual encounters to become effective is almost
equal to or longer than the period of orbital motion of the star in the system,
and finally, the Newtonian force of the mutual interaction is of much longer
range than the forces between gas molecules. ,

Thus the only satisfactory theory seems to have to be built up on the
theory of stochastic process of stellar motions through an assembly of stars,
as developed by Chandrasekhar(1943a, b, ¢, d), by assuming that the motion
is a kind of Brownian motion under fluctuating forces from neighboring stars
as well as the smoothed. out gravitational forces from the entire assembly.
The motion of the star suffers not only from these fluctuaing forces but also
from a systematic deceleration, the dynamical friction as their cumulative
effect. They are assumed to be governed by a certain probabilistic law, and
consequently the change of star’s velocity follows a transition probability
derived from the law. Thus the theory enables us to compufe the probability
of finding the star in a volume element of the phase space (z, v, 2, u, v, w)
at a time ¢, if the initial position and velocity (ro, vo) of the star was given
at £=0, and it is proved that the probability distribution asymptotically tends
to Maxwellian as ¢ tends to infinity, so far as the escape of star from the
system does not take place. The probability distribution is given by a
transition equation, which can be reduced to a diffusion equation in the
velocity space, viz.,, the Fokker-Planck (Chandrasekhar 1943a);

of, of of of _of _ of  _ of
at+uax+vay+ZUaZ+Kxau+Kyav"“Kzaw:

div, (kgrad,f) + div, (muvf) (1)

where K is the smoothed out gravitational force, # the coefficient of dynamical
friction, k the coefficient of diffusion connected with the mean square velocity
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|22 under the condition thét the eq. (1) must be satisfied by Maxwellian.
identically: '

L (2)
The initial condition of eq. (1) is of course f = 0 (r—ro) 0 (v — v,) at ¢
= 0,
From the Boltzmann equation of gas theory a similar equation to eq.
(1) can be derived with a different differential form in the right hand side
(Rosenbluth, MacDonald and Judd 1957); the eq. (1) is always satisfied
by Maxwellian regardless of the behavior of 7, but the latter equation is
satisfied only for the state when the Boltzmann’s H is equal to zero. This
seems to come from essential differences between the basie principles
underlying the theories of Brownian motion and molecular motion of gas;
in the latter, for instance, it is assumed that the exchange of energy and
momentum is made locally and that the reverse process of encounter must
always occur (e.g., Jeans 1925).

It is, however, extremely difficult to obtain a solution of the equation
for general cases with appropriate intial and boundary conditions. Thus
this method has so far been only applied to investigate the rate of escape
of stars from a modelarized cluster i.e., a uniformly extended and homogeneous
cluster by ignoring the space coordinates. It was studied by Chandrasekhar
(1943¢, d), White(1949), Spitzer and Harm(1958) and King(1960) following
this way, while by Agekyan(1959a, b) through another method.

In order to étudy the structure and evolution of stellar clusters, it is
the essential problem to clarify the timely change of distribution of velocity
as a function of spatial coordinates. Until an elaborate method of solving
the Fokker-Planck equations for the problem of structure is established, we
cannot help constructing models, for instance, of potential, of velocity or
density distributions of clusters for comparison with observation: it was
the Woolley’s point of view(1954) to follow this way by making models of
velocity distribution under some mathematical restrictions on it. Our present
way is to progress by considering more fundamental notion on what mechan-
ism is occuring in clusters which must govern the velocity distribution, or
in other words by constructing model for dynamical process as the consequence
of exchange of mechanical energies between stars.

2. Approximation by Interpolation Formula.

From the property of timely change of the existence probability of stars
in the phase space, it is obvious that the distribution function of velocities
in the stellar system must be reduced from its initial one to Maxwellian as
t tends to infinity. The speed of reduction is determined by the mean time




GLOBULAR CLUSTERS ' 45

of relaxation of the system, T, the time required for the exchange of energy
in the system to become effective. This is in a sense an averaged value
of the times of relaxation of individual star 7'z which is inversely pro--
portional to the coefficient of dynamical friction # (Chandrasekhar 19485, ¢).
l Ambartsumyan (1938), Spitzer(1940) and King(1958¢) considered a model
process for the timely change of velocity distribution function that the distri-
bution remains the initial form when zf4< Tz, and after each time of relaxation
the Maxwellian is accomplished. Though this is quite an elaborate model,
it is rather mathematically inconvenient owing to discontinuity at & =Tx.
we shall then approximate the process with am interpolation formula.

In this study we shall limit ourselves to consider a cluster in which all
stars have an equal mass, m. Without loss of generality we may put m
equal to unity to simplify calculus.

Let us consider a spatially homogeneous and indefinitely extended stellar
cluster -having an isotropic velocity distribution, and let fdudvdw be the
number of stars of velocities in the range (v, v+dv). We shall then assume
that the timely change of the velocity distribution be represented by an inter-
polation formula '

f v w,8) = f (u,0,w,0) eft + Cei?lol? (1—ef), - (8

where j and C are parameters to be determined later, and B=1/Tz, Tx
being given by Chandrasekhar(1942, eq. (2.379)):

= 1./3 |v|? Dy |v|2

Tr =46V % G*m:Nina ° a=""26m ° (4)
where N is the number of stars per unit volume, m the mass of stars, Do

the average distance between stars, and G the gravitational constant.
From eq. (3) we have a differential equation of f with respect to ¢

%zji=—ﬂf+ﬂ0e"f“”'2, | G

by which we can extend eq. (3) to the case when Tz, C and j depend on ¢.
Therefore we shall adopt the eq. (5) as the basic equation for our approxi-
mation.

The quantities § and C are determined from the conservations of mass
and energy. Let H be the kinetic energy of stars per unit volume. Then,
for an indefinitely extended homogeneous cluster, ’

(o]

_aa_t =0 where N = Sjs f dudvdw (6)

— 0

and
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©o

_oH _ - 1o = 1 AT
Y =0 where H—-S:” 5 | v |2 fdudvdw = 5 Nivl|z (7))

Hence from eq. (5)

(2]

XSS Jdudvdw | o

C = —2 = 3 and —1=~2— [v]e2. | (8)

< . . b/ H ]2 3
S § ge'jzl v 2dudvdw

-— 0

The process represented by eq. (5) might be interpreted as follows:
Let us consider one-dimensional case. Out of f(v")dv’ stars with velocities .
in the range (¢, 'z)’—l—dv’); a fraction by an amount B f(v')dv” leaves this range
per unit time by mutual encounters with other stars and is redistributed
over all velocity space to form Maxwellian:

]‘3

7T

ed? v dy, Bf (W) dv'. &D)

Nfeo

Such process occurs everywhere in the whole velocity space, therefore, the

change of f(v)dv at a particular velocity v during dt is

v!=-+oc0

9 _ P e g Ney' :
S W dv.dt =~ ff W) dv.di + S (L« v) BFG@dvdE, (10)

o =—co 752

which is eq. (5).

It may be here remarked that in the case of Brownian motion the stars
initially in the range (v’, v"+4dv’") leave the range and take other velocities
stepwise and gradually form Maxwellian as a result of diffusion process,
while in our model process, some fraction of stars in the range is scattered
away and immediately forms Maxwellian without passing through any inter-
mediate stage. This must be the basic difference of our approximation from
the real process of the Brownian motion.

3. The Case when Stars escape from the Cluster.
For the case when stars escape from the cluster on arriving at a velocity
of escape, ». we have only to replace C with C. defined as

[o.o]

G = (|| rautvdes | ([ et duiocn an

| <ve —00
In the exact method through Fokker-Planck equation, a boundary condition
is imposed on its solution that the solution shall vanish at w».. Therefore;
the velocity distribution deviates from Maxwellian, as shown by Chandrasekhar




GLOBULAR CLUSTERS 47"

(1943b), and Spitzer ahd Hirm(1958) indicated that the deviation is greater
for smaller masses of stars. However, the present approximation seems
to yield fairly good results for general cases.

The density and energy per unit volume expressed as

W= [(] ptetita e [[[ Lo ez

o] <ve lv] <wve

decrease at rates 4 and 77, respectively, which are by eqs. (5) and A(il),

A= — —A‘]T —,BE = 1-2 @2 ﬁxe), (13)
and ‘ . | |
1 dH 4
WHGI’E‘,

D, (x) = %S "2 et dx, &;(x)= %j xx,“ e?dg, and x. = Jve.  (15)
7Jo - Vrlo
In the above reduction, 7 has been considered to be given by eq. (8).
The eq. (13) is naturally identical with that by Chandrasekhar(1942, eq. ’
(5.401)). The values of 4 and # can be evaluated against . by means of
tables for @, (x) and &, () (e.g., Owaki 1960). For the value of z. equal
to V"6, or 24495, which corresponds to the mean value of »./v[v P equal
to 2 introduced by Chandrasekhar, 4 ond # becomes equal to 0.00738 and
0.0348, respectively. |

4, Extension to the Case involving Space Coordinates.

The approximate equation (5) can be extended to the case where the
space coordinates are considered, on the basis of interpretation mentioned
at the end of Sec. 2, or from the idea that at each point of a cluster the
energy exchange occurs so that local distribution of velocity is to tend to
Maxwellian. We must then be concerned with the change of number of stars
flu, v, w, z, ¥, 2, t)dudvdwdadydz in a small range of phase space along their
orbit. Since the rate of energy exchange, or exchange time is a function of
local density and mean square velocity, it is generally a function of position.
Thus we have an equation

of . 8f . 8f . 8f . . 08f . 0Of , .0f _
+ 6 Ji?”zs'_”-jﬂ fdudvduw. (16)
7L‘E —00

Let H be the total mechanical energy of a star, %[v]2+V(m,‘y, 2), where
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V is the potential of the cluster., Then, if in a stationary state, f must
clearly be the Maxwell-Boltzmann distribution, const. X exp(-2/2H) as seen
from eq. (16), because its left hand side is to become zero when f is a function
only of integral of the motion. Therefore § must be constant throughout
the cluster, being not identical with the mean square velocity [v]?, which
should be a function of position and probably of time. The value of j is
determined from the dispersion of the distribution of H, and does not depend
on time. And if the initial dispersion at #=0 is known, we are to be able
to compute the value of 7 .

On the other hand, if ejection of stars beyond w». is taken into con-
sideration, the same modification as given in Sec. 3 can be applied to the
triple integral in the right hand side of eq. (16). In this case the distribution
when ¢t tends to infinity will naturally deviate from the Maxwell-Boltzmann.
It is readily inferred that j does depend not only on energy dispersion but
also on the energy distribution of escaping stars: In fact King (1958b) con-
sidered that the star will leave the cluster as soon as its energy H becomes
to zero; because the chance for a star to get more energies is very little,
and also he showed that the reverse effect, namely to loose its energy from
zero to negative one due to encounter while moving to cluster periphery, is
negligible for general clusters (1959). Whether we adopt this consideration
that an escaping star will carry out “zero” energy, or on the contrary, an
assumption that all escaping stars take out energies corresponding to their
velocities in the tail of Maxwellian distribution, will determine the value
of 4. Though the rate at which star escapes from the cluster is not same
at each point, we should consider j independent on position but on time, since
what is determined by encounters is distribution of total mechanical energies
of stars, and velocity distribution at a point is fixed by the one at another
point as shown by Woolley(1954), being the time of relaxation is much longer
than the orbital period of stars in the cluster.

N = SSS f dudvdw e number of stars per unit volume, an
|v|'<'ve .
N7 = S‘SS of dudvdw ﬁu}.c of. mass across unit area per.
iy unit time, (18)
NO — ggg Lo fdudodw T kin'etic energy per unit mass per
(o[ unit volume, and a9
NX=S§Sv%lvl2fdudvdw flux of. enfergy across unit area
(o' per unit time, 20
v ve
then we have from eq. (16)
N + div (Wv) = — /AN, , D

ot
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aé\;l’ + div (Wuvv) + Ngrad V =—6""Nv, : : 22
aé\;@ + div (NX) + Nwv. grad V = —_ﬁ///IuN'@., (23>

where V is the gravitational potential of the cluster, and
p
R @t) = 1-28, GEoelr, D)), B rt) = 1~ 4 B Gtwe(r D). 24)

Eqgs. (21) to (23) are analogous to the hydrodynacimal equations, but infinitely
high moments of f with respect to velocity are needed to solve them completely.
Eq. (21) suggest the flowing-out of stars, and envelope formation, or contration
with ejection of stars. Eq. (22) shows a friction -8Nv hindering the cluster
from expanding or contracting motions accompanying structure change, and
indicates that the cluster tends to equilibrium.

Let R be the “radius” of a spherically symmetrical cluster, defined as
the distance at which N Virtuaily vanishes, then the total number of stars,
n, is

R
n = j 47 Nrtdy. . o (25)
) 0
Then, from eq. (23) for this case, we get )
dn £ =73 ' .
dn S BANAmPdr = — i n. (26)
dt 0
Similarly, for the total kinetic energy,
B ,
HSr = S 42N 0 dr, @7
0
we have
- R —_
_‘%52’: = — S PBUNOAnr2 dr = — Py Dx. 28
0 . N

5. Distribution Function of Energy and Angular Momentum. .
On studying structure of stellar clusters, it seems more reasonable to
consider the distribution of orbital elements of stars in the cluster, than to
treat of distribution of velocity and position, especially in the case, like
clusters, where the mean free paths are so long, or time of relaxation is
much greater than the orbital period of a star around the cluster center.
For instance, the time of relaxation of M3 is of the order of 5X10° years,
while the periods are on the average 10% to 107 years. Therefore, stars 7
might be supposed to continue their motion on an orbit for several revolutions,
and consequently, consideration on the change of number of stars over an’
orbit might be more signifiicant than the variation of their number of stars
in a localized small range dudvdwdxzdydz, on the contrary to the case of a
gaseous sphere in which the idea of orbit loses its meaning. '
Particularly for a spherically symmetrical cluster, the orbit can be
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specified by its total mechanical energy, H, and angular momentum, J. After
‘a simple manipulation the eq. (16) is written in polgr coordinates:

" of of oV 2 af_ VD 'af o
vl (- o+ ) o= U == Bf + 200fN, (29)
where,
S A .
P = 3 e7j2v?, v2 =02 + vr?, (30

and v, and v mean the radial and tangential components of velocity, res-
pectively. It is, however, a question if the redistribution function takes
isotropic or ellipsoidal form. All of our approximation are based on analogy
of the exact theory of Brownian motion, we have adopted isotropic form,
because the theory gives a Maxwellian as the ultimate distribution. This
corresponds to the fact that the coefficient of dynacial friction has assumed
to. be isotrpic. Therefore, we might be contended with the form eq. (30)
until an extended theory would have been established for the Brownian motion
in a inhomogeneous assembly of particles.

As mentioned before we shall consider a case where the all member stars
of the cluster have a same mass, without loss of generality putting equal to
unity. A

Then owing to the transformation

v ( H,J) = i‘\/ZH— I —2vm,
»? .
w &1 =L (=0, @D

and Yy =7,
with a relation

B2

4 my?dr. 2 wvodve dvp = Ton T JdHd], @32
the eq. (29) takes the form in terms of H and J:
_g{ +0(r, H, J) ——2’; = — Bf + 27BN, (33)

Now we shall obtain the distribution function ¥ (H, J)JdHdJ of energy
and angular momentum in the whole cluster.
The equation for ¥ (H, J) can be given as follows: Let us distinguish

the values of f and % by suffices + and — according as the cases for
vr >0 and v < 0, respectively. Then from eq. (33), we have
0%+ 2 Of+ _ 8220 SN |
at T8 g, =T YT A (34
- — 8m2d
0P . O _ g, | 800 PN

ot 7 o7 [or] 72
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where

% dr means the number of stars in a sheel of thickness dr within the range,
(H, H+dH; J, J4-dJ). Then the total number of stars in this range is

qg(H,J) .
v (B, ) JAHAT = L(E P dr. Jaap), (36)

where p(H, J) and q(H, J) denote the peri- and apocéntric distaﬁces of the
orbit specified by H and J. Thus we have
o7 q ¢ 1672 OFN
ot Sp pb dr +Sp 7 o

here we have employed the following relation:

dr, . @37

¢ 3f+ ¢ o9f— '
Sp ar ¥ Sp or 0 | @
due to
f+ @=r-(@ and f+ @) =r-®. (39
Introducing an everage value of 8 : ‘
<p> = Xi Bipdr / E par = —-ly,—gi prdr, o)

which might mean the reciprocal of “time of relaxation of the orbit (H, J)”,
we have

SN
[vr |

o

ot
The first term — <B>¥ means the total decrease of number of stars arising
at every portion, while the second the total income from other orbits. For
the study on spherical cluster we shall adopt the eq. (41) as the fundamental
equation.

From the equation we can obtain the density distribution of stars in
the cluster. Actually the distribution of stars on the orbit is not even;
the stars are exchanged with other orbits in different rate at its each portion.
However, if we approximately suppose that they are distributed uniformly
on the orbit, the space density of the stars in the cluster can be computed
rather easily after Eddington’s method of time of stay(Eddington 1915) as

1 f Y (H,J) JdHA]
2mr? H TEHD vl T “2)

where T is the orbital period, and the integral is carried out over a range,
D, for H and J, of which p and ¢ satisfy the condition, o

0<p <7r,and < g < oo, : (43)

L <8>S 4 16 SZ,B dr. (41)

N(r) =

respectively.
1f the uniform distribution on the orbit is assumed as an approximation,
there is a relation '
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20
¢.=m, (44)

hence,
2

2 B o
<B> = TL . (45)

Comparing to the relationr dr|/|v,| =37, it may be said that the rate of
v v

energy exchange of stars depends on a factor, the ratio of time required
for stars to pass through active regions of exchange to the period of the
orbit. Hence, if the active regions are concentrated towards the center,
stars of every extended orbits penetrating the regions suffer from energy
exchange much less than those moving only in and about the central parts.
It should be noted that the stars of the orbit (H, J) interact with only those
stars that exist in a shell between p(H, J) and q(H, J).

From eqs. (41) and (42) we cdn obtain an equation for timely change
of ‘N,

oN 8 S‘S‘ JAHd] SQ(H»J) ON

Y <B>N + 72 Tloel Joc, ™ lorl

(46)

where < 8> is the mean valve of < S > over ohe cluster

<B> = H S g~ YAHA ] HWdej

Tlor] Tior| — function of » alone. (47)
Eq. (46) shows that the change of density é.t a particular point, r, is governed
not only by ejection local effect of encounters at r but also by the total
effects at other points, and thi‘s would be the essential point for discussing
the evolution of clusters.

6. Remarks on Tz.
According to Chandrasekhar(1943%), the coefficient of dynamical fric-
friotion, 7, is a decreasing function of |v),

v
77:7703@;(_31)’ 77=173——2-§,%— y=~—vl_lvll2 NC))
Considering this fact, he evaluated A as 0.016(1943d), and Spitzer and Hirm
(1958) ' as 0.0081, rather greater values than for. the case #= const. For
the varying 7Tz after Chandrasekhar’s formula (1942, eq. (2.360)), our approxi-
mation yields 4 =0.001, a much smaller value. This seems to come from
the fact that f does not vanish for |v| >v. in our method and greater weights
are assigned to larger values of |v].
Dy in eq. (4) is taken as the mean distance of a star to its closest
neighbor following Chandrasekhar. But choice of Do is not definite. Cohen,
Spitzer and Routly(1950)v showed more distant encounters to be significant

and took as Do the dimension of the cluster. This increases Tx by a factor
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of about 1.5 and affects age and life-time estimation of clusters.

7. Concluding Remarks. . ‘

It seems the fundamental problem in equilibrium theory of globular
clusters to get structure of a finite mass. In so far as treating the clusters
as in equilibrium, some agsumptions should be made for velocity distribution,
ie., the cutoffs in H and J, as suggested by Spitzer and Hirm. Only by
congidering the cluster as an evolving system from its initial state of a finite
mass and by treating internal mechanism that governs the distribution, we
could obtain the complete treatment of its structure. In non-equilibrium

treatment, however, cutoffs can be automatically introduced from the con- -

dition of finite mass. In actual cases, the energy exchange is active in

B.N=0

) 1

INACTIVE

Fig. 1. An extended orbit of stars moving fhrough the active and
mactive regions of mutual exchange of energy in a cluster.

dense inner regions, and the orbits (H, J) extending to outer regions (g¢> 7o)
are produced from the stars moving through the range p(H, J) and ro, where
7o is the radius of the active region. Eq. (41) implies that the stars on the
orbit (H, J), whose peri- and apocentric distances are » and q, respectively,
suffer only from stars existing between the shell of radii »p and ¢. And it
shows an significant fact: Let suppose that the energy exchange is active
only in a sphere r <o, or in other words, ‘assume that N and f== 0 when
v > 1o, and N and f~0 when r> ro. Then, if there was no orbit of a peri-
centric distance p greater than 7o at ¢=0, the equation for ¥ of such orbit
becomes

*gtﬂ=—<ﬁ>1’f. (49

Since ¥ =0 at =0, it is identically zero for ¢ >0, and there should exist
no orbit for which p>7 when £> 0. Consequently we can conclude that
any orbit extending outward (i.e., ¢> 70) must pass through the original
cluster (Fig. 1). Thus the total number of stars of ¢> 7o is finite, and the

e e e e e

e e e e

1
|
|
|
%
%
a




54 N. OWAKI

orbits have H< 0 and J’s are within a certain limit corresponding to H and
p. .

Thus the stars which can move to far beyond 7o have orbits for which
p <7, and ¢» 7o; which means that the orbits are very much elongated.
Consequently there exist preferential radial motions of stars in the outer
parts of the cluster, and this fact naturally -corresponds to the cutoff with

respect to J. The upper limit of J is obviously rov.?(ro), where v. (ro) is

the velocity of escape of a star at a distance ro.

II. Timely Change of Density Distribution in a Simplified Model Globular
Cluster.

8. Introduction.

At present the globular clusters are generally believed to be in equi-
librium state after started from their original configuration about 53X 10°
years ago, inferred from the facts that their observed internal structures
are similar to each other, and close to isothermal configuration, and secondly
that energy exchange in the clusters can be regarded as to have already
become effective. As stated in Chapter I, the studies on the internal con-
stitution of globular clusters so far carried out were based on the assumption
of equilibrium(Woolley 1954, von Hoerner 1957, and Oort-van Herk 1959),
and the changes of cluster mass and radius with time were investigated
also on the same ground (Xing 1958b). For examplé, M3 may certainly be
considered to be very close to equilibrium configuration. '

Though it is likely to be the case for general globular clusters, or more
precisely for smaller ones, some of globuiar clusters would have to be con-
sidered to lie inbetween stages of their initial and equilibrium states. As
the evidences that all clusters would not have arrived at equilibrium we may
indicate following facts:—

(1) Ages of globular clusters are now estimated as about 5x10° to
6 10° years, while their times of relation are of order of 4x10° to 51010
years. Consequently, the clusters of longer relaxation times must leave
vestiges of their original configurations, and hence the density distributions
will deviate from isothermal. '

(2) There exist, in fact, globular clusters, like @ Centauri, which have
internal strueture remarkably dissimilar to those of average clusters like
M3 and M92. The dissimilarity cannot be explained by the equilibrium
theory, as pointed out by Oort and van Herk(1959).

Incidentally, we might here make a remark on the equilibrium test intro-
duced by von Hoerner(1957). As will be mentioned later, even if star counts
in a globular cluster gave an approximate linear relation between density '
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distributions of stars of different masses, we could not necessarily conclude
that the cluster be in equilibrium.

The main purpose of the present chapter is to examine possibility of
our hypothesis of non-equilibrium by investigating a simple model, as the
first step before studying more complicated realistic cases; particularly, we
shall investigate timely change of density distribution in a cluster, and as
a result, show the observed distribution in @ Centauri to be well explained
as still staying in non-equilibrium state. ‘

9. Model Globular Cluster and Fundamental Equations.

For simplicity we shall consider a model cluster in which (1) all stars
have a same mass, m, and (2) time of relaxation, TE,_ls everywhere equal
througout the cluster. 7Tz is represented by mean relaxation time given .
by Chandrasekhar’s formula(Chandrasekhar 1942, eq. (5.218)) ‘

— K3 1 ~ '
Tr = 8.8.105\/ n% years, (50)

logn-0.45

where 7 is the total number of stars, m the mean mass of the stars, R the
“average” radius of the cluster, in the units of solar mass and parsec, res-
pectively.

Suppose the initial cluster be a stellar assembly limited in a finite region.
Then, owing to energy exchange among stars, take place ejection of stars,
formation of envelope, and change of internal structure. In these stages
the cluster appears to expand, while in later stages, the configuration tends
to equilibrium asymptotically with approximately contraction arising from
diminution of the total mass.

The equation for timely change of density, p= mN, at a distance, 7,
from the center is given by eq. (46)

2p(r,T) _ 1672 ( JdHA] (¢ Op S
ot P&, S T|v»| Sp o | @, Gh

where
1 V-2V (7 o
= -——e 5 ( 2V.(n) (52)
z? o8 ’
o = = (53)
and S Bdt. ’ ‘ (54)

The velocity field being assumed isctropic in the inner parts, we have from
eq. (32)
JdHdJ
72 vy |
Hence the last term of eq. (51) becomes

— v%dy. ' (55)
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—| v¥dv 2;1 qpve 22’ — __2% e ‘e zzrp
6vzl 22X e ° T dy 16 Vee ° ” dv o ©_dy, (56)
0 T » [’l}r l 0 T P ['Url

»2

where T, the orbital period, should be understood as a function of H—zvz+ V{r).
Besides eq. (51) we must have the Poisson’s equatlon
1 d ( av

2 2V ) — _ ]
7 a \7 dr) A G/J _ (57).

The change of total mass of the cluster, M, is obtained from eq. (26)
as

M :
SN~ g, A=1- 2@2(%) , (58)

where the bar means averaging over the cluster.

In order to solve these equations, the method of successive approximation
is applied. As inferred from egs. (51) and (56) with fiinite v, , the equi-
librium configuration would be something like the truncated isothermal having
a finite mass and radius as shown by Woolley(1954). Thus, as the first
approximation, we adopt the form

27

P T = po (T) 6=, (59

{ . . ‘
where po (7)is a function only of 4, and V(7) is the potential of a truncated
isothermal sphere yeilded by a dimensionless equation

1 dy/ dp N \
o ar (P ) = = V@, (60)
in which %k means the valﬁe of -2V (0)/ %, and
__ _ _ )
V= GG, =@ 1= SO 1,
and (61)
= D VE-9)
V@)= 22" 27 ¢
R N

Then, the equation for p of the second approximation becomes

%% = =P+ p (@ pU ) (62)

where

Pl (T) p = 2p(7) By (V' k) e* (63)

In order to determine o2, we shall adopt the King’s assumption (1958b)
that ejected stars leave the cluster with zero energy, and employ the relation
derived from the virial theorem for equilibrium -as the first approximation
M () 0% () = M (0) o2 (0). (64)

The quantities  (z) and p’ (z) can be determined from properties of homolo-




GLOBULAR CLUSTERS ‘ 57

gously contracting truncated isothermal sphere, it is readily seen from eq.
(51) that as 7 tends to infiinity the cluster structure becomes that sphere
specified by the quatities expressed by eqs. (61). Since the change of total
mass follows eq. (58), we have

M (z) = g’(’) dre? py = dmp'(7) 12 q (2) p = M (0) e, (65)
4] . .
1() = 1(0) e-2, P’ (z)=p' (0) e, | (66)
_ 2Gm@) 1 _ o2 -
1) = 2 and PO =g SR @D

where ¢ is the reduced mass of truncated isothermal sphere, expressed as

d R(7) R(7) ”

()= (_772 %> 2 () [ o) for 4 ( () )=k’ - l(CT) > (68)

where R(7) is the radius of this sphere, and k is assumed independent on &.

For the initial cluster, a polytropic sphere of index »’ will be adopted

to simplify calculus. On putting its mass and radius M (0) and Ro, res-
peptively, then we get relations

o= g2y PO
1O = G-n) 12, - 69
PO = W?@“‘QW]) , PO = gﬁ%ﬂ;
g 1o
because the 'total kinetic energy of the clustel‘ is half of t;w absolute Valufe'- :
of its potential energy which is equal to an’ Gﬂﬁlg))z (Eddingtoﬁ 1926).

Expressing p(7,7) by 0 (z,7) in the unit of central density pn’ (0,0) of the
initial cluster, and » by the polytropic dimensionless distance, 2 ;rnamely
by putting

Py ) _ A

g (Z; T) = Pn'(0,0) | ’ “k;r,

2z, = polytropic dimen-<70)
sionless raeius,

then eq. (62) becomes
00(z,7) 9 50 b g2
T = — (z,‘[’) -+ pgne V ¢< In' € Z} ’ (71}
where '
(72)
q2

q z az
n = oo w = d ! = | —F - .
& 3 (5_7’l/> 3Cn’1‘7 ’ & (5—"73/) Zn! , and C ( 3 du) Un =0

10. Numerical Results.

For the initial cluster, we shall consider two cases of polytropic indices
#' =15 and 8, the former having lower and the latter higher degree of mass
concentration, respectively. i
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TABLE 1. VALUES OF -L0OG 0 (z, t) FOR THE CASE, n/ = 1.5. TABLE 2. VALUES OF -LoG ¢ (z,7) FOR THE CACE, »' =3.
\log 7 -1.0 -0.5 0.0 0.5 1.0 1.5 - ™ log = —1.0 —-0.5 | 0.0 0.5 1.0 1.5
T 0.100 0.316 1.00 3.16 10.0 31.6 T 0.100 0.316 1.00 3.16 10.0 31.6
log z log z i
A . \
— oo 0.008 0.003 | —0.013 | —0.045 | —0.155 | —0.502 — oo 0.016 0.048 0-118 0.169 0.070 | —0.277
—-1.2 .009 005 | — .004 | — .034 | — .140 | — .470 —1.2 .018 .050 .124 177 081 — .243
-1.1 .013 .010 .003 | — .025 | — .129 | — .448 —1.1 .022 .054 .128 .182 .090 | — .221
—-1.0 .017 .014 012 | — 013 | — .110 | — .420 —-1.0 .024 .058 .138 .195 .108 | — .194
—0.9 .021 .021 .027 .009 | — .085 | — .379 —0.9 .028 .063 | .145 .214 .130 ] —.149
—0.8 .022 .028 .046 .037 | — .049 | — .313 —0.8 .030 .068 .160 .340 .162 | —.087
-0.7 .027 .040 .071 .081 .005 | — .218 —0.7 .034 .077 .178 .275 .208 .007
—0.6 .032 .054 .107 . 147 .090 | — .095 —0.6 .045 .092 .208 .332 .282 .131 2
—0.5 .038 .074 .157 .243 .207 .060 —0.5 .053 .107 .248 .418 .386 . 287 o
. - N
—0.4 .047 .096 .219 .359 .350 {7 .250 —0.4 .068 .131 .297 .522 .520 .473 %
—0.3 .061 .122 .285 .506 .b27 .471 —0.3 .088 . 157 .348 .654 .636 .700 ~
—0.2 .080 .051 .351 .673 .739 .725 —0.2 .125 .210 .422 .809 0.887 0.950
—-0.1 .110 .189 .420 0.860 | 0.980 0.977 —0.1 .170 .252 .495 0.983 1.120 1.202
0.0 .151 .236 .490 1.046 1.232 1.242 0.0 .245 .331 .590 1.172 1.378 1.460
0.1 .217 .305 .574 1.219 1.485 1.494 0.1 . 356 .444 713 1.359 1.622 1.720 R
0.2 .324 .413 .690 1.398 1.742 1.749 0.2 .522 .606 0.881 1.561 1.880 1.970 ¥
0.3 .499 .589 0.870 1.608 1.979 2.000 0.3 0.745 0.835 1.110 1.812 2.140 2.225 :
0.4 0.798 0.888 1.166 1.890 2.257 2.259 0.4 1.048 1.137 1.410 2.093 2.307 2.480
0.5 1.428 1.513 1.768 2.323 2.514 2.536 0.5 1.469 1.556 1.819 2.423 2.650 2.760
0.6 3.851 3.331 2.950 2.776 2.768 2.840 0.6 2.074 2.152 2.379 2.797 2.905 3.068
0.7 4.078 3.606 3.228 3.055 3.070 3.170 0.7 2.882 3.320 3.026 3.154 3.193 3.390
0.8 4.308 3.902 3.532 3.361 3.388 3.639 0.8 4.410 3.988 3.658 | - 3.488 3.503 3.900
0.9 4.587 4.211 3.866 3.691 3.760 4.300 0.9 4.717 4.298 3.965 3.810 | - 3.838 —
1.0 5.053 4.680 4.398 4.251 4.550 — 1.0 5.065 4.674 4.387 4.262 4.470 —
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Fig. 2. Distributions of stars in the mode:l globular cluster at various times for
* the case where the initial distribution is polytropie, n'=1.5,
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Fig. 3. Distributions of stars in the model globular cluster at various times for
the case where the initial distribution is polytropic, »'=3.
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The Emden functions of the spheres were taken from the tables by Sadler
and Miller(1932).

The values of ®,(x.) is computed with the value of v./c equal to1 6
(Chandrasekhar 1942, p. 207), giving 4=.0.00738.

Numerical solution for the truncated isothermal sphere is taken from
the Woolley’s Table 1(1954) for & =7.82.

After evaluating 8 for the second approximation, we examined its accuracy
by promoting to the next approximation, but found the error in the second
approximation to be about 0.5% as a mean and 2% even in the worst cases.
Thus the solution by eq. (71) is satisfactory accurate for out present problem.

The values of -log 8(z,7) from eq. (71) for log z=—1.0, —0.5, 0.0, 0.5, ,}
1.0 and 1.5 are indicated in Tables 1 and 2 against log 2z when #’ =15 and 3,.
respectively.

The Figs. 2 and 3 show the distributions of stars at each time for the
both cases of initial cluster, respectively. It is seen that the cluster remains
initial character until about log = —1, and then the shoulder of the curve
is scraped away to become more gentle with growing envelope. After Iog
7 = 1.0, the distribution is virtually truncated isothermal.

The central density 6 (o,7) decreases at the very early stages but increases -
again. The decregse comes from the flowing-out of stars of the central
regions to form envelope, which may be here defined tentatively as the regions:
#> Ro. On the other hand, the later increases is due to escape of stars of
Zero energy, namely due to decreases of mutual distances of stars following
mass diminution with invariant total energy of the cluster. Fig. 4 indicates
the change of 6(o0,7) with time. \

Let us define the “degree of compactness”, £, as a ratio of radii B* and .
Ro.1 where R¥* and Ro.a mean the radii at which the densities become 10+
and 10! of the central one, respectively. Then, if ¥ is much greater than-
unity, the cluster may seem to be compact, and vice versa. As shown in
Fig. 5, the older the cluster, it becomes more compact. '

11. Comparison with Observations for Density Distribution.

Since the actual globular clusters consist of stars of various masses and
observations of internal structure are rather inaccurate, it seems difficult
to compare the results from the model with the observations. However, it is
not meaningless to examine if our concept be valid, and it might be possible
to infer the general character of evolution of globular clusters.

Observations of internal distribution are collected for eight clusters:
M2, M3, M5, M13, M15, M22, M92 and @ Centauri. We adopt the .data by
Hogg(1932) for M2, M18, M15, and M22, and those by Lohmann(1936) for M5,
M15 and M92. They investigated photometrically for inner regions and by
star count for outer parts. Therefore, their results will rather represent
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Fig. 4. Changes of the central density of the model globular
cluster for the cases, n'=1.b and n'=3.
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. Fig.

5. Changes of the degree of compactness of the model globular cluster for
the cases, n'=1.5 and n'=3.
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Fig. 6. Comparison of the computed density distribution at each time with the
observed ones for the case, n'=1.b. '
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Fig. 7. Comparison of the computed density distribution at each time with the
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distributions of relatively brighter stars. For M3 we shall adopt the result
by Hertzsprung(1918); star counts being made by Sandage(1954) for M3,
and by Tayler(1954) for M92. Comparison for M15 does not-show appreciate
discrepancy between the observations by Hogg and Lohmann. For @ Cen-
tauri, the Schilt’s result(1918) is utilized.. '

In order to see the characteristic differences in distributions at various
stages, it is necessary to compare the shapes of curves in Figs. 2 and 3 by
eliminating scale factors. The tops and points of the curves at which 0(z, 7)
becomes 104 of 6 (0, ) were put together, respectively, as shown in Figs. 6
and 7. 'The number attached to each curve indicates the value of log z. Then,

- the observed distribution in a cluster is put on the Figures so as to fit at
the top and the 10 point, or so as to fit to a curve with some valie of
log 7 interpolated by inspection. As seen from the Figures, the case where
the initial cluster is a polytropic sphere #'=8 seems to give better results.
It is obvious that @ Centauri fits very well to a curve with a smaller z.
The other clusters lie between log 7 =0 and log z=0.5, fitting fairly well.
But these may have rather values larger of 7 than estimated by fitting, because
they might represent relatively brighter stars, which are more concentrated
towards center and would give steeper gradient than distribution of stars of
mean mass with the same large 7. Even if this is true, however, we can
see characteristic differences between these clusters, as they must be con-
sidered to have almost a same mass funetion.

12. Another Verification for Structure Change. L

We shall now attempt to verify by another method for the clusters to
change their structure in the way discussed above. Let us denote by D the
distance from the curve log 7 = 1.5 to an observed curve at the level lo:'g o+
const.=—0.4 in Fig. 7 of the case n’=3. Then, there should be a relation
between 7Tz and D, if the clusters had been formed at a same time.  For
the values of T we may apply their present values with sufficient accuracy.
On computing T by'means of the formula (50), n was taken as the first
approximation from the determination by Matsunami et. al.(1959), based on
Mowbray’s diameters(1946). In our case, however, the radii listed in Becvar’s
catalog(1959) were adopted, and by considering von Hoerner’s estimation
of the radius of the active region of energy exchange in M3, we adopt halves
of the listed radii as the data for the “average” ones. The values of Tz
so evaluated are given in Table 3. , o

In Fig. 8, D is plotted against 7T&x. The curves indicated as 109, 5 10°
and 100 are the theoretical relations obtained from the solution, and mean
that the clusters should be sitiated on either of them, if the clusters had
been formed at the same time 109, 5X10° or 100 years ago, respectively.
The fitting of the clusters on the curve 5X10° years is considerably .good, and
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scattering of points will be attributed to errors in observations and in approxi-
mations employed so far.

~ Thus, it may be said roughly that the clusters were formed about same
time, 'approi(imately 5X10° years ago, and it is seen form 7z ~#/T% that the
structure on smaller cluster is close to truncated isothermal and looks like
older than larger cluster.

Incidentally, we shall compare the observed classes of concentration by
Shapley and Sawyer(1927) with the values of log # of the clusters obtained
by means of Fig. 5 from log 7. listed later. Fig. 9 shows the result, arid it
is seen that the clusters will move to class of higher concentration as they
evolve. The Figure is for the case #/=3.

TABLE 3. TOTAL NUMBERS, “AVERAGE” RADII, AND TIMES OF RELAXATION
OF THE EIGHT GLOBULAR CLUSTERS.

‘ Cluster » R (pc) log Tr (yr)
M2 5.4x10° 8.0 9.66
M3 3.2 8.8 | 9.62
M5 3.4 10 9.70
‘M13 2.6 7.5 9.48
M15 3.4 6.7 9.45
M22- 1.9 8.5 9.51
M92 2.0 6.7 9.35
o Cen 8.5 12 9.98

13. Estimation of Ages of the Clusters.

The position and shape of an observed density curve can yield the age
of the cluster by reading log 7 in Fig. 7. Though time of relaxation is a
function of time, we can prove that 7 can be expressed with the present

value of Tz as
_t

T ~ T (73)
This formula is sufficiently accurate for our present problem. Another way
is to read the age on Fig. 8 from the horizontal distance of the point from
either curve, by assuming that the scattering of the points were attributed
to difference in ages. Though the two ways should yield same results, this
is not necessarily the case owing to reading errors. Taking both results
into consideration, we have estimated the ages of the clusters as shown in
the fourth column of Table 4. The Table also indicates log 7 and D obtained
from Fig. 7, '
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The ages so estimated can be compared with those derived from- turn-"":f
off points on Hertzsprung—Russell diagrams. Sandage estimated the age-of
M3 as 5.1X10° years(1957), Hoyle and Schwarzschild gave 6X:10° years

(1955), and by Hoyle and Hazelgrove(1956) it is 6.5X10° years. The agree-
ment of our value is gobd. For M?., M5 and M13, Arp(1959) assigned the
age 20 10° years to M5 from the calculation of evolution by Hazelgrove and - ‘
Hoyle, and showed that it was the oldest of the three, and M2 the inter-
mediate, and M13, the youngest. Our estimation gives‘ about half for M5, "
but the sequence of ages of the three clusters agrees with that by Arp.
The age of M22 seems to be estimated rather greater, but there is no evidence to
verify it. In any way, our estimation is likely to give reasonable resu‘l,tsf;':;;
The ages from the theory of stellar evolution are given in the fifth column
of Table 4. o |

l

TABLE 4. LOG 7, D AND ESTIMATED AGES OF THE EIGHT
GLOBULAR CLUSTERS

Cluster log 7 l‘ D | Age in years Age (yrs.) from H.R. dlagram
and its reference
M2 | +0.29 | 0.12 8.1x 10°
M3 .22 .17 i 6.5 6.5 10° Hoyle and Hazelgrove(1956).
M5 .34 .09 11 20 Arp(1959),
Mi13 .34 .09 6.6 7.6 Baum et. al.(1959) -
M15 .34 .09 6.6 _
M22 .50 .02 9.3 E—
M92 +0.33 .10 4.6 _—
o Cen —0.29 | 0.55 5.1 ‘ —_

As the sources of discrepancies above mentioned will be due to the
facts: (i) inexactness of our model calculation, (ii) errors in observed
luminosity distribution or star counts, and (iii) ambiguity of E on evaluating
Tr. For (i) we can estimate the exact values of log 7 as larger than those
given in Table 4 by 0.1 to 0.3, because the observed distribution represents
that of brighter stars as mentioned before, and these corrections would make
the ages by 1.3 to 2 times longer. (ii) The probable errors of the observed
material now adopted might be on the average about +0m1 giving spreads
of points in Figs. 6 and 7 by about + 0.04 in log 8 Whlch however, is within
the error of the present model calculation. (iii) The amblgulty in B will
be most effective to 7%. The choice of R is rather arbitrary. K1ng(1958a)
adopted the radius 7¢ including half the mass of the cluster in projection. .
According to von Hoerner’s estimation(1957) of & E/E for M3, it becomes

100% at 3R, and 60% at 7o, which is about 1% R. Thus we used 3R as a
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Fig. 8. Relation between the time of relaxation and deviation from equilibrium for °
globular clusters evolving from the initial cluster with n'=38. Dots denote
observed clusters and curves indicate the computed relations one of which
the clusters must lie if they have an same age denoted by figures attached.
The Messier numbers and name of the clusters are given beside the dots,
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Fig. 9. Relatiori between the Shapley’s observed concentration
class and the degree of compactness for the case, n'=8.
The Messier number and name of the clusters are given
beside the dots,
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Fig. 10. Change of radius R* for the cases, n'=1.5 and #'=38. The
unit of R* is Ro/2n’.

Fig. 11. Mass-radius relation for globular clusters for the cases,
# = 1.5 and #' = 3. ‘
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reasonable - emipirical choice.

It shouid be remarked that Tz has been computed for the present values
of » and R. The total number, n, does not change appreciably from n(0)
of the initial cluster (see eq. (58)). The radius R, on the other hand, has
increased by about 1.5 times.the initial radius as shown in Fig. 10 except
for @ Centauri. In this case, eq. (50) will also be applicable as a good
approximation, though based on the assumption of statistically stationary
state. The factor makes 7z longer by about 1.8 times of 7% (0). Therefore,
the variation of R during evolution would possibly affect the estimated ages.

14. Change of Radius and Mass-Radius Relation. ,

The definition of observed radius of a cluster is rather ambiguous.
Though the truncated isothermal sphere has a finite radius, it is not be able .
to be identified with observation. Examining the observed radii, e.g., Mow-
red and blue limiting diameters(1946) and Becvar’s listed ones(1959), there
seems no defiinite relation to exist between the radii and densities at these
distance from the center. But it is likely for the observed radius to indicate
a distance of densities 10~¢ to 10~ time the central density. Thus, we may
tentatively define the ‘“observed” radius to be a distance R* at which the
density becomes 10 of the central one. '

Owing to the formation of énvelope from the central regions, R* appears
to increase at the early non-equilibrium stages, and decreases as the cluster
approaches to equilibrium state, in which it contracts homologously as a
truncated isothermal sphere. The timely change of B* in the unit of Ro/2.
is shown in Fig. 10, for the both cases of initial cluster, ' =1.5 and 3.

The mass-radius relation is given in Fig, 11. On the contrary to the
case of radius, the change of total mass by eq. (58) is monotonous and is
approximately same as that derived from the equilibrium theory. The short
bars across the tracks indicate the positions at various times in terms of
7. Referring to Table 4, we can see that the clusters now concerned would
be still in the expanding stages.

15. Remark on an Equilibrium Test.

As mentioned in Sec. 8, a test for equilibrium was introduced by von
Hoerner, i.e., to examine linearity of relation between counts of two kinds
of stars having masses mi1, and me, respectively. Though this is quite an
elaborate method, it seems rather difficults to -apply to practical cases.
Illustratively, estimates are made for this relationship: Let us consider two
casks of mass pairs, (i) wu=m, my=%m, and (i) mi=m, me=1dm, whese
m is the mean mass of the cluster. On computing density for each kind
of stars, we employ approximate form of solution of eq. (61), being variation
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of B with mass after Chandrasekhar’s formula (1942, eq. (5.405)) and assumed
relation o%cm! taken into consideration.
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Fig. 12, Bquilibrium test (after S. von Hoer- Fig. 18. Computed relations between the
ner, 1957, Ap. J., 125, 4b1, Fig: 7.). - distributions of stars of masses m1
. . and ma.

The computed relation for log 7 =0.0 is shown for each mass pair in
Fig. 13 in arbitrary unit. Comparing with observed results for M3 taken
from von. Hoerner’s paper(1957, Fig. 7), that is given in Fig. 12, we can. see
that the trends of curves in both Figures are very similar; theO~C seems to
be of the order of magnitude within the observational errors. Thus it may
be said doubtful to conclude that a cluster would be in equilibrium, even if
the observed counts indicate appropriate linearity, and that observation would

require_ considerable accuracy for this purpose that should, however, be very
difficult. ) '

16. Concluding Remarks.

So far we have considered a model cluster of stars of equal mass and
of uniform rate of energy exchange, but naturally this is not the actual
case, The difference in masses of the stars affects on the potential and makes
each kind of stars distribute in different way from each other.- The more
massive the stars, théy are concentrated towards the central parfs, and also
the rate of energy exchange is the greater. Thus the outer parts consist

© of less massive stars and would remain the property of the initial cluster
comparatively well, much more stars of elongated orbits suffer less from
other stars as noticed in Sec. 5. Therefore, it. would be more effective to
investigate the features in the outer parts in order to study evolution stages
~and properties in the past. ' '
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It is a question whether the initial clusters were limited in a finite
region and all the stars in the present envelope have been evaporated from
the central parts. But the present results in this chapter seems to support
the hypothesis, especially as inferred from the agreement of e Centauri
with the computation based on this hypothesis. Though we cannont, of course,
conclude that the initial cluster would be a polytrope 8 rather than 1.5, we
may consider the initial cluster was of as much mass concentration as the
polytrope 3. '

Conclusions.

(1) The structure of globular clusters can be completely understood only
by considering it as changing after a sequence of their evolutionary history.
The dynamical theory of the globular clusters should be built up on the theory
of Brownian motions for the motions of stars, and an approximate method
is considered. As the conclusions: (i) resultant fundamental equation indi-
cates that any particular restriction on velocity distribution including cutoff
for angular momentum is not necessary, but can be introduced automatically
to get a finite mass model, whereas in equilibrium theory various restrictions,
which are usually artificial, are needed. (ii) The cluster which started from
its initial state tends asymptotically to equilibrium. The rate of escape
of stars from a spherical cluster can be expressed as eq. (26) in a similar
form to that of an inifinitely extending homogeneous cluster. (iii) There
exist preferential radial motions of stars in the outer parts of the cluster.

(2) The non-equilibrium hypothesis is also required from the point of view
stated in Sec. 8. By investigatihg a model globular cluster, it is shown that
the computed structure agrees well with observations, and it is concluded:
(i) A cluster will tend at the first stage comparatively quickly to a truncated
isothermal structure that has a finite mass and radius, and then changes
homologously. (ii) Some of the globular clusters, e.g., @ Centauri are still
in the first stage, and its peculiar internal distribution of stars can be
explained only by non-equilibrium hypothesis. The structural differences
between clusters might be explained in this way. (iii) At the first stage
the cluster expands and then homologously contracts. (iv) General clusters
are comparatively close to equilibrium. (v) The clusters are generally
still expanding stages. (vi) The ages estimated from the characteristics
of internal distribution generally coincide with those from the theory of
stellar evolution, and this will be available to estimate the ages of the clusters.
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Added in proof.

Before eq.(17) at p. 48, the following lines should be inserted:

There is an alternative method to investigate the change of the cluster
structure by solving a group of equations derived from eq.(16). Let
f{uvi=v.) =0, and g, B, and B’ be certain approximate mean values of
s, apd put




