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ALGORITHM FOR DETERMINATION OF THE EARTH ROTATION
PARAMETERS AND GEODETIC COORDINATES BY USING
SATELLITE LASER RANGING DATA'!

Minoru Sasaki*

Abstract

An algorithm for estimation of geodetic parameters by means of a linear estimation theory applying
to Satellite Laser Ranging (SLLR) data was presented in the former paper of this publication series by
the author {(Sasaki 1984). The procedure and expression to determine the precise position of SLR site in
the geocentric rectangular coordinate, the geocentric constant of gravitation (GAf), the dynamical form
factor of the earth (J») and a ballistic aiv-drag coefficient (5) were given. A preliminary results for the
precise location of the Simosato Hydrographic Observatory and the datum shift correction from the
Tekyo Datum fo a global geodetic system were also presented in the paper by applying the algorithm
to SLR data obtained in worldwide observation sites.

In succession from the former paper an algorithm to have results of the earth rotation parameters of
pole position (x,, v ,) and excessive angular velocity (Jw) and geodetic coordinates of observation sites
expressed in latitude, longitude and height from a reference ellipsoid (g,1, /) is given in this paper in

order to use the algorithm for the analysis of SLR data in the Hydrographic Department and so on.
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1. Introduction

An algorithm to determine a satellite orbit and geodetic parameters by means of linear estimation
theory applying to Satellite Laser Ranging {SLR} data was described i a former paper of the author
{Sasaki 1984). After that, SLR data have been well used for determination of the earth rotation
parameters especiaily in the main campaign of MERIT Project from September 1983 to October 1984,
The validity of the SLR together with the Very Long Baseline Interferometry (VLBI) and the Lunar
Laser Ranging (LLR) was proved in the campaign (e.g. Feisse! 1986). An recommendation to establish
the International Earth Rotation Service (IERS) as a new organization for determination of earth
rotation parameters by using these new space techniques and for its services o users instead of BIH and
EPMS on January 1st of 1988 was adopted in the general meetings of both IAU in 1985 and IUGG in 1987.
The Hydrographic Department of Japan (JHD) had decided to make the Simosato Hydrographic
Observatory stand as a candidate for SLR ohservation site for IERS and this proposal was accepted by
the directing board of IERS. The board also recommended that JHD accepts one of the analysis centers
of SLR data in the future. To estimate the earth rotation parameters in JHD by using SLR data
according to the recommendation, an algorithm to determine the earth rotation parameters given in this

paper will be available.

t Received 1st February 1988
+ Geodesy and Geophysics Division



M.SASAKT
60

Owing to the improvement of ranging precision and increment of the number of SLR data obtained
in the world it has been becoming possible to detect baseline length changes between SLR siles and
therefore to detect the plate motions and crustal movements, In the procedure for these detections by
using SLR data it has been betler to fix one of components of geodetic latitude, longitude or height from
a reference ellipsoid for a few SLR sites. For such a purpose an estimation algorithm to give components
of the geodetic coordinate will be also available.

The expression to determine the pole position, { x p, ¥ »), and excessive angular velocity of the earth,
Aw, and latitude, longitude and height from a reference ellipsoid, (g,A, /), by using a linear estimation

theory and SLR data is given in this paper.

2. A brief description of linear estimation procedure and notation

The equations of motion of a satellite around the earth in a non-rotating coordinate are given as

¥
¥

F=u, b=—pL B (r, v, a, B, £) (1)
where r: position vector of a satellite, v : velocity vector, x : geocentric constant of gravitation (= G#),
R : perturbation acceleration, & : a set of given model parameters, 8 : a set of constant unknown
parameters and time, ¢, The equations (1} and # = o can be rewritten by using an n-dimensional state
vector, X, which denotes the position and velocity of the satellite and the geodetic parameters to be
estimated as following :

X=F(X,1), initially X(h)=X,. (2
The state vector is related to observed values non-linearly. An m-dimensional i-th observation vector,
Y. observed at f; is expressed with an error vector &,

Vi=G(Xul) +4R;: te, i=1, 2 e A (3)
where ((X,,1;) is m-vector of a non-linear function relating the state and the observation. In the case of
range chservation if Y, is defined as i-th observed raw range data, & is defined as the distance from a
reference point of a laser ranging system at a site to the center of mass of the satellite and AR; is
correction to the distance by the effects of (i) site displacement by the solid earth- and ocean tide, (ii}
atmospheric refraction, {il} center of mass correction of the satellite and (iv) range offset for laser
ranging hardware obtained by a system calibration.

If the difference between X(#) and a reference trajectory, X* (1), is sufficiently small in the duration
ty <! < e the equations (2} and (3) can be expanded around the reference trajectory and are rewritten
neglecting the term of {X — X*¥ as:

x=A(H)x, indtially x{h)=xo, lo< t < bmax (4}
and

vi=Hu+ e, =12 1 (5)
wherc

x{ )=X(#)— X*1), Aly=[aF X1

w= Y~ G(XF, {)—AR;, H{y=18C/aX]r. (6)
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The best estimate ¥, of x at #=={; obtained from the observations, v, ys, =+, yiat t=4#, ts, =, h is

given as
To=(H'RIH)Y'H'R 'y, (7}

where
Vi HO{l, f)
H

y= sz , = z@('tz, to} ()

W HD{t, t)

and @ : transition matrix as x,= @:(, L),

3. Expression of 4-matrix and H-matrix

As the unknowns X, satellite position expressed by geocentric rectangular coordinate of J2000.0, X,
satellite velocity, V, and any other geophysical/geodetic parameters can be selected. To give their
expression in this paper the author chooses the following parameters which can be understood as
constants in a computating duration from &, fo f.e : pole position (x,,v,), excessive angular velocity, .,
latitude, longitude and height from a reference ellipsoid for unknown observation sites from the 1st to
the N-th as {g,A,%), j=1,2---,N. The expression of X, X, A and Hit) are given by the following

notation in this case :

X=[X, V, x5, ¥o, dw, @1, As, b, 92, **, Ita]" (@
X=F=[{V,a,00,00000 - 0 (10)
03,IS»OJO,O;OtOsOsOl'”}O
da  _oa
aF* aX’aV’O,O'O’O’OJO’O’ ,0
A= —l o 0 0 0,0,0,0,0,0,,0 an
s , O ,0,0,0,0,0,0,0,,0
e dX 0X ' OV Oxp’ dve ddw' dprt GAT Shy dps Gl [l
In the expression above, «, g—;, g%—, g%* O3, Is are given in the former paper and g% is zero.
If /-th observation is made at k-th site, the range is given by
RY=R,={(U— U +(V — Vil +(W— W)z
={(X— X (Y — VP +(Z 22 (13)

el 9G: 9G: 0 0G: 9G; 0G: . s e e
The expression of Tis® e’ Bdw* Dus oh, dh; ATeEiven by using X or {X, ¥, Z) for satellite and

X;or {X,, Y;, Z;) for j-th site coordinate expressed in the non-rotafing rectangular coeordinate and also
Uor(U, V, W) for satellite and U, or(1J;, V;, W;) for j-th site coordinate in the earth fixed rectangular
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coordinate as followings:

/ D oYs . 1y 07
9L M08 wv-v) axﬁ% 225 (1)
9i 1 {302

=% (X,— +(Y_, } (15)
9 _ 1 0%, A
=05 255} (16)

The coordinate transformation from the non-rotating rectangular coordinate of J2000.0 to the earth
fixed rectangular coordinate is given by 3 X 3 matrixesas U = B S NP - Xor U; =B-5-
N-P-X;and X =P - NT-ST.B"- Uor X; =P* - NT.5". BT. [, where Bisa 3 X 3 matrix
for coordinate transformation from the Pseude Earth-Fixed coordinate to the Earth-Fixed coordinate
for the pole motion effect, 5 is a 3 X 3 matrix for coordinate transformation from the True of Date
to the Pseudo Earth-Fixed coordinate for the earth rotation effect, N is a 3 X 3 matrix for coordinate
transformatin from the Mean of Date to the True of Date for the nutation effect and Pisa 3 X 3 matrix
for coordinate transformation from the J2000.9 mean equator to the Mean of Date for the precession
effect as given in the former paper.

The partial derivatives in equations (15}, (16) and {17) are given by differentiating the transformation

matrixes as

0X; _ pr.ar.or, 9BT

“Grp =PT-NT-S§ axp U (17)

gf( = PT.NT.ST. %B U : (18)

oX_pron gjw BT U, (19)
o0 o0 —1 0 0 0

3BT 3BT

e e I
L7 0 o 0 —1 0

. [—#¥sind* , —i*cos8*, 0

Po=| treoser | —rrsine*, 0|, @)

N

where w=an+ Aw, 8=12"+ UTI+ au+ Agcosst + dwt*=0% + dwt *.

When Jdew is given by a unit of radian/day, ¢* is the ellapsed time from the start of integration in fraction
of day. In this case to estimate a constant excessive angular velocity, Jw , for a not-so-long duration as
3 to 5 days, UT7 at the start time of integration should be given and (/71 — TAI) also should be
constant after the start time in the duration. Even if the earth rotation phase has an error to the real

phase at the start time the position of ascending node of the satellite orbit will be adjusted best for the
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given SLR data and the constant Je will be given correctly,

As for the geodetic coordinate of an arbitrary j-th site, (g, 4,, /), if one of the current i-th observation
- b aie 0Gr  9G: BG:
is made at the k-th site, e G s
Kronecker’s delta as followings :

are given by using the chain rule of partial derivative and

0Gi _ [ 0G; 8Uy | 0G: dVy | dGr WGy o

Sor=(51 ae: T AV, ag; T aw; a%)a,,, 2D
3G, _({8G; 8U; . 8G; AV, . G aw,-)

% *(aU,- oy Tav, an T o, ax, ) O (22)
3G, _{5G. 3U; 3G, 8Vi , 9Ci Wi\ «

o, —( au; on, Y av, an Tow, ek, ) O (23)

By using relations of {{J;, ¥, W) and (g, A;, h;) as
U= (N;+ ) cospeosi; :
Vi={N;+ ;) cosg;sind; (20
Wy ={N;(I — &)+ I} sing;

where

No= AT — esinp;)e, {25}

(U OV; AW QU W,

the expression o - are given as followings:

dp;* g;” Ops” G Sy

%%: —{( N+ ldsin sofcosﬂﬁgfi\,'fj-cos picosd; (26)
g;/: = —~(N;+ h;)singsind; + ‘2,2? o8 @SN (27)

e (N 1= &) )eos it 01— sing, (28)

ANy _ ¢ Nisingscos ey (29}
de; (I —e?sin'e;)

—%%: —(N;+ i )eos gssind, (30}
%Z’ =(N;+ h;)cos p,cosd; (31)
i a‘i’a_z 0 (32)
%% =08 @084, (33)
-%}r—?:cos;o;sinﬂj (347
Wy

ET :Siﬂgﬂj. (35)
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8G: 0G: G S . .
For U avy and A a vector expression is given in the former paper as:

oG, U™Uf

3(]} — Rj a.ik- ) (36)

The unknown parameters of x,, v, dw, ¢;, A; and k; are to be given through the procedure given above
and in the former paper,
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