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Abstract 

Trigonometric seri巴sfor approximate positions of some objects in the solar system have b巴巴n

developed by a nonlinear method of least squares. These give heliocentric and geocentric positions 

of the five outer planets. They are valid for the years 1950 to 2060 with a precision of lぺ
Key Words: method of least squares-trigonometric series-coordinates of celestial objects-multi-

periodic phenomena 

1. Introduction 

It has been the desire of navigators and astronomers to know the positions of celestial 

objects using a simple procedure. As the recent di狂usionof programmable calculators and 

personal computers have offered hardware for this purpose, software is needed to express 

the coordinates of celestial objects accurately and compactly. 

Recently, Van Flandern and Pulkkinen (1979) have computed low precision formulae 

for the positions of the Sun, Moon, and the major planets. Their formulae have a precision of 

1' except for the case of Pluto (15') and are valid within 300 years of the present. The 

medium-precision formulae for the Sun, Moon, and the inner planets have been obtained by 

Kubo (1980). His formulae have a precision of 0'.1 through 60 years centered at the year 

2000. Both of them were derived from analytical formulae using a certain series-processing 

program. Such a method is not, however, applicable to the case of the outer planets with a high 

precision. The present ephemerides for them are computed by a numerical integration so that 

there exists no analytical expression for the result. A new method valid in this case has been 

developed on the principle of least squares by the author (1981). The present paper gives 

high precision (1") formulae for the positions of the outer planets which were obtained by 

this method. 

2. Method 

At first, the tables for the heliocentric polar coordinates and apparent geocentric 

rectangular coordinates of the outer planets for the years 1950 to 2060 are numerically obtained 

and stored in magnetic tapes. The number of data is 1013 for each coordinate. The time 
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interval of them are 40 days. The sources of calculation are as follows. The heliocentric 

positions of the outer planets are obtained from the work of Eckert et al. (1951). The 

corrections by the inner planets are neglected because they are less than O＇.’1. The geocentric 

positions of the Sun are calculated by the formulae of Newcomb (1895). The precession 

and nutation are obtained from the formulae of Newcomb (1897) and Woolard (1953). Then 

the apparent positions are computed from all the sources above including aberration. 

Next the approximation formulae are derived from the stored data using a nonlinear 

harmonic analyzer COMPAL. COMPAL is a FORTRAN program and has an ability to obtain 

a compact approximation formula expressed as a finite Fourier series from sequential data. 

Roughly speaking it analyzes data as follows : it computes a power spectrum of data, chooses 

a set of probable frequencies, optimizes them, and subtracts the determined frequency compo-

nents from data. This procedure is iterated while the number of components is increased until 

the desired precision is obtained (see Fukushima, 1981). 

Note that all numerical values including the arguments of cosine function in the pre-

sent formulae are determined numerically so as to approximate the result of numerical integra幽

tion. Therefore it may be dangerous to find any meaning or relation from the obtained re-

suits. 

3. Usage of the formulae 

The formulae consist of two parts. One is the heliocentric longitudes, latitudes, 

and radius vectors R of the five outer planets refered to the ecliptic and mean equinox of 

date. These are shown in Tables 1 through 5. The other is the apparent geocentric equato・

rial rectangular coordinates X, Y, and Z refered to the true equator and equinox of date. 

These are shown in Tables 6 through 10. The apparent right ascension and declination are 

given by 

R.A. =tan-1 (Y/X), Dec. =tan-1(Z／、伝写Y2〕． (1) 

The independent variable Tis time measured from }2000.0 in Julian ephemeris cen” 

tunes, or 

T=(JED-2 451 545.0)/36 525, (2) 

where JED denotes the Julian ephemeris day number. Radius vectors and rectangular coordi-

nates are measured in AU. Longitudes, latitudes and arguments of cosine function are meas・

ured in degrees. It is recommended in evaluating the formulae to make the absolute value of 

arguments less than 180° by subtracting or adding 360° multiplied by some integer in order 

not to loose an accuracy. 

The formulae are valid in the period 1950 Feb. 8. 0 ET to 2060 Dec. 7. 0 ET, i.e. 

2 433 320.5豆 JED豆 2473 800.5, (3) 

or 

一0.498959 62く Tく＋0.609322 38. (4) 

We note that one should use the the formulae within the period above. They will have errors 

growing rapidly outside the period of validity, as is usual with best approximating formulae. 

The maximum of absolute error from the source is listed at the end of each formula. 

For the users who need lower-precision formulae, Figur巴s1 through 6 are prepared. It can be 
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shown that the sum of the final error and the absolute value of coefficient of truncated terms 

gives an upper bound for the absolute error of remaining terms. These figures show the up-

per bound for the relative error of our formulae as a function of the number of remaining 

terms. Note that the upper bounds are measured in a logarythmic scale. When one needs 

formulae with a certain precision, one can truncate the original series as long as the upper 

bound in the corresponding figure is less than the desired precision. For example, the 1' -

precision formulae for heliocentric longitude, latitude, and radius vector of Jupiter are given 

by the first 14, 4, and 9 terms of Table 1, respectively. 

Table 11 gives the values of the formulae and the obtained right ascensions and dec-

linations at 1969 June 28.0 ET, when JED=2 440 400.5 and T＝一0.305 119 78, which is same 

as the test date of Van Flandern and Pulkkinen. The deviations from the] aρanese Ephemeris 
are also shown in parentheses. 

4. Discussion 

Here we show in Figure 7, the figure for the periodic part of longitude PLON of the 

formulae of Van Flandern and Pulkkinen corresponding to Figure 1. Other figures for their 

formulae show almost the same tendency. Though these figures show only an upper bound of 

error, they can give an estimate for the cost performance of approximation formulae, i.e. how 

high accuracy is achieved with given number of memories. It is clear that our formulae are 

superior to theirs except for the period of validity. Why dose such a discrepancy arise ? The 

answer may be as following. In the analytical formulation the arguments are calculated as a 

number of linear combinations of fundamental arguments. Strictly they are di妊erenteach 

other. However some of them are practically same since there are many commensurabilities 

among the fundamental arguments. Our program has such a practical nature that it may 

combine the terms with such similar arguments into a few terms. This can be said also in the 

case of terms with very long periods so that their difference from a linear trend is practically 

negligible. 

Our formulae approximate the present ephemerides with a precision of lぺHowever,

we note that recent observations show that there is a deviation between the observed posi-

tions and the predicted ones which amounts to about 2" in the case of Jupiter, Saturn and 

Uranus, and about 811 in the case of Neptune and Pluto (Adams and Scott 1964, 1965, 1967, 

1969, Cohen et,al. 1967, Klock and Scott 1970, 1972, Gauss 1979). Therefore we cannot assure 

that our formulae give the r巴alpositions of the outer planets with a precision of lぺ

The author would like to thank Drs. Y. Kubo and K. Inoue, Astronomical Division of 

Hydrographic Department, for reading manuscript and fruitful discussions as well as conti-

nuous encouragements. The calculation was done in double pr巴cision(18 decimals) by 

NEC System 700 at Hydrographic Department. 



回
目

N

同
）

O
句色町
L

「
。
、
門
、
同
門
沼
町
h
h
h一み

2

6

8

8

7

6

9

 

‘
 ．．．．．．． 

ヲ』’
u『門
U
A
U
E
J
ヲ』ヲ・咽
B
『ζ
4
p
a

吋

ζ
噌

t

A

u

－f
’OA
u
n
y
τ
J
R
u

a
l
勺

Fh

司

ζ

句

ζ
勺

ζ
4
1
4
1
4
4

＋
＋
＋
＋
＋
＋
＋
＋
＋
・
’

v
s
’a
守’
γavze
守目・守
E
マ’守
a
・1

＊
＊
＊
4

守
合
ム
曹
ム
育
中
曹
よ
w
－
w

，弘司ー，。
mυ
喝

f

e

－
－
－
－
 

m
u
。，
n
v
，，a
，。，
h地内
M，叫
ζ

’r
，“．”コ胃
d
4
1
師、Jnγ
’ι守’
e

内U
n
a
司r
q
J
。，，‘，
h喝。。

n
γ
4
』’
μ

司’
μ

守’
u司4
t
4
E
ハヲ崎
d
n
u
T
J
ヲt

，MAU
胃d
’f
o
o
a
Q
4
0
ヲtλ
崎。。
t
O
T
J

4
1
フ』
d
t

てd

官、

d

4

3
角

ζ

フh
4
1
4
1
4
t
胃d
内4
4
1
R
4
4
1
4
a
フ』

4
，4
1

・
ゅ
＋
＋
＋
＋
＋
＋
＋
＋
E

’
L

’
ム
マ
＋
＋
＋
＋
ム
マ
＋
＋
＋
＋
＋
＋
＋
i

’

’’’
I

守’’
i

’ー’
a

守t
ャー，
L

マ1

・マ
E

守‘，
v
t
ャ，ザーザー’
t

’t
’t
’B
守t
v
l
’s
ヤ
l

守’

ム曹ム胃

4W
吉
宮
場
合
＊
台
骨
密
ム
官
也
＊
＊
＊
ム
曹
中
曹
ム
育
会

4W
合
＊
占
w

e

。
3627,8 
1225.1 
4850, 1 
562,9 

5432.9 
12136,2 
4231,5 
9699 
8494 
799 

’h
司

胃
J5

4
1
5
 

e

・
・
・
・

内U
’h守，。，“，。。。向調り内
u
e
l
’句
Fコ噌コ‘
l
n
c
m
U
内U
《

V

内U
司r
フM
内U
『ζ
，。，。円
U

3
6
2
0
4
1
A
u
q
D
4
4
a
4』

7

5

。，
4

7

1

8

3

2

0

’
5

6

0

0

6

4

8

9

0

6

4

2

1

6

2

1

8

4

5

4

8

1

。。
2

5

3

6

3

2

1

2

6

5

4

守
6

7

1

4

0

，
1

8

7

2

0

0

9

1

1

1

 

Jupiter: longitude, latitude and radius v巴ctor. 
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Saturn : longitude, latitude and radius vector. 
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Uranus : longitude, latitude and radius vector. 
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］戸田日

The deviations from the f apanese Values of series and coordinates on test date : 1969 June 28, OhET. 

Ephe抗 erisare shown in parentheses 
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