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Abstract

Trigonometric series for approximate positions of some objects in the solar system have been
developed by a nonlinear method of least squares. These give heliocentric and geocentric positions
of the five outer planets. They are valid for the years 1950 to 2060 with a precision of 17,
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1. Introduction

It has been the desire of navigators and astronomers to know the positions of celestial
objects using a simple procedure. As the recent diffusion of programmable calculators and
personal computers have offered hardware for this purpose, software is needed to express
the coordinates of celestial objects accurately and compactly.

Recently, Van Flandern and Pulkkinen (1979) have computed low precision formulae
for the positions of the Sun, Moon, and the major planets. Their formulae have a precision of
1’ except for the case of Pluto (15’) and are valid within 300 years of the present. The
medium-precision formulae for the Sun, Moon, and the inner planets have been obtained by
Kubo (1980). His formulae have a precision of 0.1 through 60 years centered at the year
2000. Both of them were derived from analytical formulae using a certain series-processing
program, Such a method is not, however, applicable to the case of the outer planets with a high
precision. -The present ephemerides for them are computed by a numerical integration so that
there exists no analytical expression for the result. A new method valid in this case has been
developed on the principle of least squares by the author (1981). The present paper gives
high precision (1’) formulae for the positions of the outer planets which were obtained by
this method.

2. Method ’
At first, the tables for the heliocentric polar coordinates and apparent geocentric
rectangular coordinates of the outer planets for the years 1950 to 2060 are numerically obtained
and stored in magnetic tapes. The number of data is 1013 for each coordinate. The time
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interval of them are 40 days. The sources of calculation are as follows. The heliocentric
positions of the outer planets are obtained from the work of Eckert ef al. (1951). The
corrections by the inner planets are neglected because they are less than 07’1, The geocentric
positions of the Sun are calculated by the formulae of Newcomb (1895). The precession
and nutation are obtained from the formulae of Newcomb (1897) and Woolard (1953). Then
the apparent positions are computed from all the sources above including aberration.

Next the approximation formulae are derived from the stored data using a nonlinear
harmonic analyzer COMPAL. COMPAL is a FORTRAN program and has an ability to obtain
a compact approximation formula expressed as a finite Fourier series from sequential data.
Roughly speaking it analyzes data as follows : it computes a power spectrum of data, chooses
a set of probable frequencies, optimizes them, and subtracts the determined frequency compo-
nents from data. This procedure is iterated while the number of components is increased until
the desired precision is obtained (see Fukushima, 1981).

Note that all numerical values including the arguments of cosine function in the pre-
sent formulae are determined numerically so as to approximate the result of numerical integra-
tion. Therefore it may be dangerous to find any meaning or relation from the obtained re-

sults.

3. Usage of the formulae
The formulae consist of two parts. One is the heliocentric longitudes, latitudes,
and radius vectors R of the five outer planets refered to the ecliptic and mean equinox of
date. These are shown in Tables 1 through 5. The other is the apparent geocentric equato-
rial rectangular coordinates X, Y, and Z refered to the true equator and equinox of date.
These are shown in Tables 6 through 10. The apparent right ascension and declination are
given by

R.A.=tan™! (Y/X), Dec.=tan"'(Z| vX?+Y?). (1)

The independent variable 7" is time measured from J2000.0 in Julian ephemeris cen-
turies, or ‘

T=(JED—2 451 545.0)/36 525, @)
where JED denotes the Julian ephemeris day number. Radius vectors and rectangular coordi-
nates are measured in AU. Longitudes, latitudes and arguments of cosine function are meas-
ured in degrees. It is recommended in evaluating the formulae to make the absolute value of
arguments less than 180° by subtracting or adding 360° multiplied by some integer in order
not to loose an accuracy.

The formulae are valid in the period 1950 Feb. 8.0 ET to 2060 Dec. 7.0 ET, i.e.

2 433 320.5 = JED = 2 473 800.5, (3)
or

—0.,498 959 62 < T < +0.609 322 38. @)
We note that one should use the the formulae within the period above. They will have errors
growing rapidly outside the period of validity, as is usual with best approximating formulae.

The maximum of absolute error from the source is listed at the end of each formula.
For the users who need lower-precision formulae, Figures 1 through 6 are prepared. It can be
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shown that the sum of the final error and the absolute value of coefficient of truncated terms
gives an upper bound for the absolute error of remaining terms. These figures show the up-
per bound for the relative error of our formulae as a function of the number of remaining
terms. Note that the upper bounds are measured in a logarythmic scale. When one needs
formulae with a certain precision, one can truncate the original series as long as the upper
bound in the corresponding figure is less than the desired precision. For example, the 1’-
precision formulae for heliocentric longitude, latitude, and radius vector of Jupiter are given
by the first 14, 4, and 9 terms of Table 1, respectively. ‘

Table 11 gives the values of the formulae and the obtained right ascensions and dec-
linations at 1969 June 28.0 ET, when JED=2 440 400.5 and T=—0.305 119 78, which is same
as the test date of Van Flandern and Pulkkinen. The deviations from the Japanese Ephemeris
are also shown in parentheses.

4. Discussion

Here we show in Figure 7, the figure for the periodic part of longitude PLON of the
formulae of Van Flandern and Pulkkinen corresponding to Figure 1. Other figures for their
formulae show almost the same tendency. Though these figures show only an upper bound of
error, they can give an estimate for the cost performance of approximation formulae, i.e. how
high accuracy is achieved with given number of memories. It is clear that our formulae are
superior to theirs except for the period of validity. Why dose such a discrepancy arise ? The
answer may be as following. In the analytical formulation the arguments are calculated as a
number of linear combinations of fundamental arguments. Strictly they are different each
other. However some of them are practically same since there are many commensurabilities
among the fundamental arguments. Our program has such a practical nature that it may
combine the terms with such similar arguments into a few terms. This can be said also in the
case of terms with very long periods so that their difference from a linear trend is practically
negligible.

Our formulae approximate the present ephemerides with a precision of 1. However,
we note that recent observations show that there is a deviation between the observed posi-
tions and the predicted ones which amounts to about 2’/ in the case of Jupiter, Saturn and
Uranus, and about 8 in the case of Neptune and Pluto (Adams and Scott 1964, 1965, 1967,
1969, Cohen et,al. 1967, Klock and Scott 1970, 1972, Gauss 1979). Therefore we cannot assure
that our formulae give the real positions of the outer planets with a precision of 17,

The author would like to thank Drs. Y. Kubo and K. Inoue, Astronomical Division of
Hydrographic Department, for reading manuscript and fruitful discussions as well as conti-
nuous encouragements. The calculation was done in double precision (18 decimals) by
NEC System 700 at Hydrographic Department.
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Table 1 Jupiter : longitude, latitude and radius vector.
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Table 2 Saturn : longitude, latitude and radius vector.
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Table 3 Uranus:
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Table 4 Neptune : longitude, latitude and radius vector.
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Table 5 Pluto:
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Jupiter : apparent geocentric equatorial rectangular coordinates.
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4261
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136
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Table 7 Saturn : apparent geocentric equatorial rectangular

coordinates.

X

AU
9.515892
0.999833
0.257305

26965
10553
8360
8220
6914
5176
4462
618
566
332
264
160
108
90
58
42
42
39
31
30
29
29
26
25
18
14
12
12
10
10
10

9

7
6
6

0.000045
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122440425
36000.768
2447442
0.
3667.90
71999.8
62044
1817.3
233.3
3023.9
2734
4,886
1904
4236
5629
107999
4104
70778
37935
34069
5932
152543
73223
7817
6602
37223
34771
9onos
13499
8420
33554
9635
58517
7212
68968
29952
26962
45035
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49,9920
2804409
74194
O
324,49
27749
129.8
146.9
278.8
31,5
173
231
52
239
276
277
310
72
156
224
345
357
71
232
318
333
59
259
22
308
258
215
9
348
170
216
306
74
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continued

Y

AU
8.808407
0.917398
0.691708
0.237970

14146
9739
7666
6146
3773
1900
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441
440
294
169
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49
44
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32
32
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1224.0387
36000.772
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2446,0922
6N1,59
3664.1
71999.8
1827.9
3032.6
914,2
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2238
49072
4030
6027
107999
70773
34074
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5566
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37943
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37233
6601
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320.9372
190,409
180.
2784679

35.99
234464
187.9

60.8
309.7

51.5
119

11
183
350
331
187
303
134
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340
107
324
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244
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245
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331
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221

continued
z

AU
3.654426
N.397731
0.286483
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6352
4025
3321
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2392
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125
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1224.0851
36000.769
Q.
246AK,76
592.9
3672.6
71999.8
1369,9
359954,.0
1862.9
3019.0
3173
325
4890
4141
6031
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37925
70776
4524
152534
37222
5582
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34787
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314,474
190,773
180.
272429
29,5
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187.9
49,4
100.6
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294 .1

316
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178
9
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65
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267
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X

AU

19.764292
1.341329
0.,999834
0.807731
0.447773
15492
8353
5034
4416

790

278

131

119

107

81

61

50

41

44

41

31

28

23

17

12

11
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Table 8 Uranus : apparent geocentric equatorial rectangular coordinates.

°

427.41034 *

0.
36000.769
421.560
862.657
1255411
71999,8
3029.9
206544
1572
2675
3481
6071
107999
71583
72422
35578
34061
37938
36423
152543
3553
4739
9012
35146
23225
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313.23648
0'
280,355
45,270
95,240
243,76
277.8
34,0
275.0
147
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355
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229
225
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AU
17.552054
0.917390
0.398255
0,245942
0.163874
24718
7662
6717
4481
1322
558
443
107
99
68
66
47
47
43
34
31
28
24
17
12

0.000088
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7.691820
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37

68

53

42

42

38

15
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914,113
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1592.1
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36291
34072
5537
35537
37961
152546
9034
4929
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429.7127
36000.760
8684697
Da
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1556.57
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180,

51459
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30447
21546
98
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134
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145
66
266
342
302
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187.8
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1
319
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AU
30.085492
0.999844
0.311795
0.161623
16536
8467
4939
1457
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110
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Table 9 Neptune : apparent geocentric equatorial rectangular coordinates.

L

219.77857
36000,.772
0.
403,701
997.31
72002,.5
30351
114648
1665.6
21165
71933
6073
107999
72299
37947
34064
152544
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305,01054
280,293
180.
205.648
109.51
277.3
34,3
112.8
98.8
176.7
154
52
276
342
156
225
356
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Y

AU
27.823872
0.917382
0.246372
0.125671
8073
4521
2529
1403
843
586
111
99
95
48
4
28
24
22

0.000151

z

AU
11.404508
0.397740
94976
46209
3322
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1112
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377
139
78
4B
41

0.,000140

* % %k ok F X X % * % ok A F ¥ ¥ F & *

* ok % & F % K X % X ¥ % %

cos

cos
cos
cos
cos
cos
cos
cos
cos
cos
£0s8
cos
cos
cos
cos
cos
cos

cos

cos
cos
cos
cos
cQs
cos
cos
cos
cos
cos
cos

’
[

219.95694
36000.774
0.
433,382
72004.4
3036.7
1231.7
1701.9
2151
72038
6071
1ng008
72651
2621
34071
152544
9036
3628

°
220401995
36000.729
Na
443,20
71999.8
3037.2
2147.3
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6073
108008
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215.45252

190.292

180.
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184.9
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321.9
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325
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132
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1904292
180,
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8
2
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AU
38.257266
10.160649

3.892493
0.,999831
0.180553
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6681
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4934
4833
3053
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362

3464
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111

41

41
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Table 10 Pluto :

°

149,51428

Oa
352,.9027
36000,772
683.993
72004 .1
1880.2
1166,.8
303%6.2
2111.3
2145,4
71886
35787
36218
6069
108000
34058
37939

kR ok KK R K X EF R K K A N %
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apparent geocentric equatorial rectangular coordinates.

°

239434175
261,1047
280,255
293,299
277.2
30.7
1642
3hob
17043
11.7
239
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33
52
276
224
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T I T I Y

P I T I T Ok T S SR

o

A R R R I

(L4

Y

AU
32,.360026
11.621372
10.378806

0.917387
0.597494
15014
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5836
4529
1648
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100

73

55

48

47

37

0.000174
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AU
15.815501
1.051941
0,430833
0,397751
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41

0.,000186
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256464956
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556,197
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23638
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158.58605
399.5038
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36000.767
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720N1.7
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153.17524
Os
167.n6002
190.255
195,108
254 .65
187.4
132.,5
304,9
311.2
263
301
328
186
147
95
3
134
170

109,93247
135.1795
0.

190.250

169.01

137.2

301.5

2764a7
30.9

297

109

261

321

185
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Table 11 Values of series and coordinates on test date : 1969 June 28, O'ET.

Ephemeris are shown in parentheses

The deviations from the Japanese

JUPITER SATURN URANUS NEPTUNE PLUTO
LONGITUDE 188°34°0278 31°04'5270 183°13'3579 237°34'50"3 174°25'427/8
(+071) (+071) (~072) ) (—072)
LATITUDE +1°18'2070 —2°28'0071 +0°43'4573 +1°42'1072 +15°33'3171
(—073) (+076) (—074) (—072) (+072)
RADIUS 5.452 646 9.262 811 18.308 54 30.323 38 31.771 98
VECTOR (+2) (—5) +49 (—4 (+1)
X —5.498 431 +7.818 230 ~18.384 83 —16.355 44 —30.568 63
Y +0.133 078 +5.468 890 ~0.110 28 —22.904 41 —0.263 54
Z +0.193 090 +1.937 260 +0.206 16 —8.951 10 +9.403 23
RIGHT 1154727325 281953351 12"01™22248 1537752589 114587013245
ASCENSION (+0%01) (+0%01) (—0%01) (—0%02) (~0%01)
DECLINATION +2°00'3874 +11°2879 +0°38'32"8 —17°38'3471 +17°05'5272
0 (—072) (+071) )

(+170)

G91
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SERIES FOR COORDINATES OF OUTER PLANETS 163

UPPER BOUND OF TRUNCATION ERROR

0 20
NUMBER OF REMAINING TERMS
Figure 1 Upper bound of truncation error as a function of the number of
remaining terms of the formulae for longitude. Note that the

upper bound is measured in a logarythmic scale,

~

m\

UPPER BOUND OF TRUNCATION ERROR

=

UPPER BOUND OF TRUNCATION ERROR

0 20
NUMBER OF REMAINING TERMS 0 20

NUMBER OF REMAINING TERMS
Figure 2 Same as Figure 1 but

for latitude. Figure 3 Same as Figure 1 but for
radius vector. Note that
the vertical axis is an
upper bound for relative

error.
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UPPER BOUND OF TRUNCATION ERROR

NUMBER OF REMAINING TERMS

Figure 4 Same as Figure 3 but for X -coordinate of the apparent

geocentric equatorial rectangular ones.

UPPER BOUND OF TRUNCATION ERROR

NUMBER OF REMAINING TERMS

Figure 5 Same as Figure 3 but for Y-coordinate.



SERIES FOR COORDINATES OF OUTER PLANETS

UPPER BOUND OF TRUNCATION ERROR

0 20
NUMBER OF REMAINING TERMS

Figure 6 Same as Figure 3 but for Z-coordinate.

UPPER BOUND OF TRUNCATION ERROR

NUMBER OF REMAINING TERMS

Figure 7 Same as Figure 1 but for the periodic part of longitude PLON of
the formulae of Van Flandern and Pulkkinen (1979). The
figures for other coordinates of their formulae show the same

tendency. Note that the error for Pluto is greater than 15/,
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